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INTRODUCTION 


Shell is called the elastic body, limited by two surfaces, the 
aiatance beteuen which (thickseas of shell) is small in comparison 
with the remaining size/dipeasions of this body. The surface, which 
separates the thickness of sneil in half, is called median surface. 
When they speak about the form of shell, they usually bear in mind 
the form of its median surface. As elastic body, shell under the 
action of the applied to it load undergoes strain. In this case, in 
its material, appear the voltage/stresses. The basic task of the 
theory of shells consists of the determination of strains and 
voltage/stresses, caused by the etfective on shell load. The 
voltage/stresses in the material of shell are located simply, if is 
known the deformation of sheli. Taerefore it is possible to count 
that the task indicated is reduced to the determination of the 


deformations of shell. 


Let us visualize that sheil F is deformed, taking form F*. 
during this deformation the internal effort/forces, which appear in 
the material of shell, produce certain work. This work is called 
strain energy. 


Deda dw, Sn da'du, 1, J=1, 2 
- first and second quadratic foras of initial surface, and 


De, dud, > hy, du! da! 
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~ corresponding shapes of surface F*. Let us designate through ¢, 


and © the outer limits of the ratio/relation 


pa (e:, — 8; ;) du‘du! 
Dey du'dul 
and through x, and % = outer Limits of the ratio/relation 


D(4i; —h,,) du‘ du! 
De, 4auF 
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Then the strain energy Ur, connected with the transition of shell of 


form of F in F*, it is calculated from the forsgula 


Up = | | eta F484 2vx,%,) do + 
F 


+] J aaZay i++ reeyae 
F 


where E and v = the elastic constants of the material of shell, 6 - 


its thickness, and integration is fulfilled by surface area F. 
If to shell is applied certain load Ge then during the 
deformation of shell of tora of PF in P* this load produces certain 


work. Let us designate it througa A+: (9). 


One of the methods of solving the basic task of the theory of 
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shells is based on the following variation principle. 


Under the action of the assigned/prescribed load q, among all 
possible forms F*, that satisfy tae conditions of attachment, the 
shell takes such form, om which the functional 

W = Up: — Ar (q) 


is stationary, that is has equal to zero variations. 


It is easy to present sowing the difficulties which appear 
during the solution of the variational problem indicated. If we 
designate through wy, Wa, #3 tue components of displacement of the 
points of surface F during ats deformation in F*, then integrand for 
strain energy os is sufficiently complicatedly the expression, which 
contains functions ww, and their derivatives of the first and second 
order. Therefore the solution of this task even in the simplest cases 


is virtually impracticable. 


If we previously to assume that the form of the deformed shell 
F* is close to initial (fF), then functional W logically is simplified 
and is led to quadratic. The corresponding system of equations of 
Euler for functions w, which realize the extremum of functional Wf, 
will be linear. The solution of basic task in this simplest case 


composes the object/subject of the linear theory of shells. 
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Let shell F be located under the action of certain load q If 
load is small, then the elastic state of shell agong the forags, close 
to F, it is determined unambiguously. We will increase load q. Then 

can begin: this’ tocese/uonents when by the condition of nearness 
indicated the elastic state of saell is not unambiguously determined. 
Specifically, together with the basic form of the elastic 
eguilibrium of the shell tor waico the deformed surface of shell 
remains close to initial form (fF), also, during further increase in 
the load there are other formus which are developed virtually without 
an additional increase in the efiective load, soreover this 
development is accompanied py considerable changes in exterior form 
of shell. The smallest ioad with which occurs the indicated ambiguity 
of elastic states, is called upper critical load, and transition to 
the nonbasic/minority forms of elastic states - by a loss of 


stability of shell. 


The elastic states of shell, which appear as a result of loss of 
stability, we conditionally cali supercritical. Determination and 
investigation of these states is substantially nonlinear task. 
Solving it, usually are assigned by the character of the 
sagging/deflections of shell, reducing thus the variational task for 


functional # to task to extremum for functions from the parameters, 
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which characterize deformation. In this case, the result 
significantly depends on aow are successfully selected the functions, 
which assign deformation. Tne proposed by us method of the study of 
the supercritical elastic states of shells is based in its essential 
part during geometric considerations and it consists in general terms 


of following. 


First of all, we proceed from assumption about the fact that the 
supercritical deformation of sheii is in essence geometric bending. 
This is not difficult to base. Really/actually, running 
structural/design materials - metals - in elastic region allow/assume 
wand? aletios defor nations. Thus, for instance, for steel with the 


podule/modulus of elasticity B=2¢10¢ of kg/cm? and tensile strength 


o,=4-10° kg/cn2 relative detoraations are less than o/F=2.10-'. 
Page 12. 


This means that any elastic deformation of steel shell is accompanied 
by relative change in the metrics of its median surface less than 
210-3. Therefore, if tnais deformation leads to considerable changes 


in the form of shell, then it is almost geometric bending. 


Further, the normal coaditions of the attachment of the edge of 


shell guarantee geometric the nondeformability of its median surface 
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in the class of regular surfaces. Therefore the bending, which 
correspond to supercritical derormations, belong to a broader class 
of piecewise-regular surfaces. Tais means that the surface, which 
re produces the form of shell during supercritical deformation, must 
have fin/edges. On the surface of shell, these fin/edges are 


snoot hed. 


The nearness of the supercritical deformation of shell to 
certain of its isometric conversion with special 
feature/peculiarities aiong iines (fin/edges) creates the specific 
specific character in the energy distribution of deformation 
according to the surface of saeil. Namely, it noticeably is 
concentrated in the vicanaty of tin/fedges. The considerations, based 
on variation principle, make it possible to refine the form of the 
deformed shell near finfedges and to determine strain energy in the 
vicinity of fin/edges depending on the geometric values, which relate 
to fin/fedge. As a result functional JU (strain energy) proves to be 
determined on isometric traastormations of median surface, which 
reproduce the form of sheil ducing supercritical deformation. So we 


come to the following variation principle A. 


Considerable supercritical deformation elastic-and shells under 
the action of the given load is close to that form of the isometric 


conversion of initial surtace, which comgunicates steady-state value 
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to the functional 
W = Up — Ap. 


Page 13. 


this functional is deteramined during piecewise-regular isometric 
transformations F of nedian surface of shell. Its 
term/component/addend U; (strain energy) is determined by the 


following foramula: 


£6° ’ 9 ry 
F 


5 "la 
+ cE" | 5 ds, + 
Y 


p's 


nos J a(—2k+k, +h) ds,. 
y 

Here As, am@ Ak, =~ gain changes normal of curvatures with 
transition from the initiai fore of shell F to the isometric 
transformation P; 2a - angle between the tangential planes of surface 
? along finsedge (fin/edges) t p ~ cadius of curvature curvea y: k, 
and & - sorsal surface cucvatures ? in the direction, perpendicular 
to fin/edge ¥, k - normal surface curvature F in the appropriate 
direction; 6 - thickness of shell, £ ~ modulus of elasticity, and 

Ye Poisson ratio. Constant c20.19. Integration in first tera is 
fulfilled by surface area Fe and in remaining tvo 


er ee ee ee en ee 


term/component/addends - according to arc curved 7 


Term/component /addend A» represents the produced by external 
r 
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load work by the deformation of shell of form of F in P and is 


calculated as usually. 


Elastic deformations of sheil in the form, close to ?. 
determined by principle A, are accompanied by appearance on its 
surface of considerable voltage/stresses from curvature in the 
vicinity of fin/fedges. Maxiaurm voltage/stress «, connected with this 


curvature, being determined py tae formula 


Thus, the applicatioa/use of principle A makes it possible to 
find the form of shell in basic approach/approximation and the 
appearing on its surface aaxinun voltage/stresses. but this is a 


solution of basic task. 


The application/use of principle A makes it possible to explain, 
as changes the received by saeii ioad during supercritical 


deformation and, thus, to find the smallest received by shell load. 
Page 14, 
It is called lower critical. The determination of this load is of 


considerable interest oa the following reason. Real shells are 


geonetrically inadequate, anmadeguate also the loading of shell. Both 
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these of factor descend, besides is very not defined, the upper 
critical value of load. In conaection with this in order to 
completely exclude the possivility of the loss of stability of shell, 
it is necessary to be oriented to lower critical load. Lower critical 
load is connected with the considerable deformations of shell and 
therefore it is less sensitive to the imperfection of geometric fora 
and the method of loading. The determination of the elastic 
supercritical states of sheil aakes it possible to give natural lower 
limit for the effect of the geometric imperfections of its form on 


the value of upper critical ioad. 


It must be noted that the inforgation of comajon/general/total 
variation principle in the case of supercritical deformations to 
principle A assumes the solution of the task of the isometric 
transformations of initial surface. This task is also sufficiently 
difficult. However, in a number otf concrete/specific/actual cases, 
geometric and other considerations of qualitative character sake it 
possible to considerably narrow the class of the isometric 
transformations during which it is necessary to examine functional W#. 
Thus, for instance, studying a guestion concerning the supercritical 
defor nations of the flat Stxictly convex hulls, attached on edge, it 
is the possible to be restricted to the simplest isometric 
transformations ~- mirror buige. MSixcror bulge consists of the sirror 


reflection of the arbitrary seymaeat of surface in the plane of its 
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The investigation of the supercritical deformations of real 
ones, therefore, limitediy elastic shells is impossible without the 
account to the limited elastacity of the material of shell, since 
appearing during such deformations voltage/stresses, as a rule, are 
located beyona elastic limit of material. The supercritical 
deformations of such shells are characterized by some specific 
character. It proves to be that tae deformation, connected with the 
displacement of fin/edge over surface, stops at the onset on this 
fin/sedge of plastic deformations. In connection with this principle A 
for shells with the limited elasticity is supplemented by the 


following condition. 
Page 15. 


Limitedly elastic shell allow/assuses only such supercritical 
deformations, deternined by princaple A, with which voltage/stress « 
on fin/fedges, computed on the foraula 

| om ceo, 
-is not exceeded tine/temporary strength of saterials oo, (We we 
consider that the tensile strength is elastic limit.). The 
investigation of supercritical states for limitedly elastic shells 


taking into account the supplerment indicated to principle A leads to 
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the qualitatively new resuits which sake it possible to explaia the 


data of the corresponding experisents. 


As noted above, there is considerable interest in the 
determination of the load, by which the shell loses stability. The 
proposed by us method sakes it possible to natch up the solution and 
this task. The fact is that the received by shell load at the nonent 
of loss of stability is stationary, and upon transfer to 
supercritical deformations it does not virtually change, while the 
form of shell changes very substantially. In connection with this it 
is the possible to define upper cratical load as the load, received 
by shell with considerable pulge. Investigation in this plan/layout 


as a result leads to which foliows principle V. 


If the effective oa shell load critical, then variation probles 
for the functional 
W=U-A 
on disruptive infinitely small bending of sedian surface has 
nontrivial solution, that is the pending field, which is the 
solution, not is equally ideatical to zero. Functional #8 is 
determined in the fields infinitesinal bending vith breaks along the 
lines where are satisfied the conditions of the coupling . 
| s— + =xe. 


Here difference of r-r* is break of the bending field, and e - unit 
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Addend 0 of functional # (strain energy) is calculated from the 


foraula 


2E8*a?x de 


v= | yea—e 


y 
where p, a, 6, E and v save previous value, x - the value of 
breakage, and integration is executed according to arc of curve 
(curves) y. Addend A of functional is calculated by the usual 
method as the produced by external load work by the deformation, 


given by the bending field. 


How about contents of the book. It consists of three chapters 
and two suppleseats. In Chapter one, are studied the supercritical 
deformations of strictly coavex puiis, that is shells with positive 
Gaussian curvature. Chapter begins with reminding of some geometric 
facts, which relate to the bending of convexs surface. Then follows 
the substantiation of principle A and its application/use to the 
investéuankon of the supercritical elastic states of shell. In 
particular, thoroughly is exanined a question concerning the 
supercritical deformations ot tae flat, rigidly attached concerning 


edge shells with the different setaods of loading. Basic results are 
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compared with the data of the thoroughly placed experinents. 
Especially are examined the supercritical deformations limitedly 
elastic shells. At the end of the chapter, is investigated questions 
of the stability of the axiaily syasgetric deforagations of spherical 
shell with axially symmetric luadiag. As a result of this 
investigation, are explained the specific conditions for the 


applicability of the obtained in Views 1 results. 


The second chapter is dedicated to the investigation of the loss 
of atahitity of strictly convex hulls. It hegins with the 
subst antiation of principle V and with its applicat ionsuse to the 
task of the stability of flat, attached with respect to edge, 
strictly convex hull.at a uniforr external pressure (§1)..In § 2 is 
contained the geonet ric study of the special infinitesiaal bending of 
strictly convex sucface, while in g 3 results of this investigation, 
are applied during the detergjination of critical loads for the shells 
of revolution with the different aethods of loading (external 


pressure, internal pressure, twisting). 
Page 17. 
In the third chapter are examined the supercritical deformations 


of cylindrical shells in basic load cases (axial compression, 


external pressure, twisting). Investigations are based on the 
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application/use of principle A. Here are determined lower critical 
loads for unlimitedly elastic sheils and for shells with the limited 
elasticity, and also is studied the effect of the initial bending of 
shell on stability. The resuits of theoretical studies also are 


compared with the data of experineats. 


In supplement I, are examined some questions of the dynamics of 
shells. The nethods of the study of the static tasks of the theory of 
shells, developed in the boo«, in a number of cases can be 
successfully used to the tasks o£ aynamics. In supplement this is 


illustrated based on specific exaaples. 


In supplement II, are studied the isosetric transformations of 
cylindrical surfaces, which correspond to supercritical deformations 
with ridging to entire liength of shell; are given the geometric and 


analytical descriptions of these transformations. 


The concrete/specific/actual results, which are contained in 
this book, in essence are published in the separate issues of the 
publishing house of Kharkov university [1-7]. In the present 
presentation of an inaccuracy in the preceding/previous publications, 
they are renoved, ana the main thing are formulated the 
common/general/total prancipies, with the aid of which are obtained 


concrete/specific/acteal results (principles A and B). 
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The reading of the proposed book does not require large 
knowledge in the theory of sneils; however, is assumed known 
geometric culture. Basic results are foraulated, as a rule, it is 
completely available. They are represented either by the appropriate 
formulas or graphs. In this sense the book is available to the wide 


circle of the readers. 
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Chapter One. 

STRICTLY CONVEX SHELLS DURING SUPBACRITICAL DEPORMATIONS. 


The proposed investigation of elastic shells during 
supercritical deformations we will begin from the exasination of 
strictly convex hulls. This of shells whose sedian surface has 
positive normal curvature according to any direction. First of all, 
we will base the certain common/general/total principle A, which by 
standard fora is applied during tae solution of different tasks. This 
principle reduces the solution of the task of the elastic | 
sepercritical states of shell to the exraminatdon of variational 
problem for the functional, deterained during piecevise-regular 
isometric transformations of the initial fors of shell. then we will 
pass to the solution of specific probleas and compare the obtained 


results with the data of the corresponding experiments. 


Real shells, possessing the limited elasticity, in supercritical 
state, as a rule, experience/test elastoplastic deformations. in 
connection vith ‘this principle a is nore precisely formulated in 


connection with the case of the shells, which possess the linited 
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The proposed method of the study of supercritical deformations 
allow/assumes vast, but all the same limited field of application to 
real shells. We have this in form and therefore let us attempt to 


outline this region by the appropriate conditions. 
Page 19. 
§ 1. Energy of elastic deformation of shell in supercritical stage. 


Elastic deformations of shell are accompanied by small changes 
in the setrics of its median surface. Therefore, if this deformation 
of shell leads to considerable changes in its exterior fora, then it 
(forma) is determined in essence by the geometry of its initial state 
and close to isometric transtormation. In connection with this we let 
us recall some geometric facts, which relate to the bending of 


surfaces. 


1. Supercritical deformation and geometric bending. F - regular 
{at least twice differentiated) surface. fhis seans that on surface 
can be introducea the curvilinear coordinate grid/fnetwork u, v so 
that vector function r(U, Vp), tke assigning surface in these 


coordinates, is regular (at least twice differentiated) function. The 
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linear cell/felement of surface, which corresponds to this 
parametrization u, v, is caiied the differential quadratic fore 


ds? = Edu?+ 2F dudv+ Gade’, 
where 


E=r, F=rys, =F, 
The surfaces, in which with corresponding parametrizations u, v 
linear cell/elenents are identical, are called isometric. 
Geosetrically this means that there is conformity of points of these 
surfaces, by which any two corresponding curves on these surfaces 
have identical lengths. Zhe geometric property indicated can be 
accepted = the determination of the concept of isometry. In such a 


mind it keeps sense, also, for irregular surfaces. 


If among the surfaces of this class each surface, isozetric F, 
are equal to PF, then surface F is called uniquely determined in this 
Class. For example, any closed convex surface (even without 
assuaption about regularity) is unaabiguously determined in the class 


of convexs surface {8}. 


The indication of the class of the surfaces in question is 
substantial. One and the sane surface can be unaabiguously determined 
in one class of surfaces and not be at the same time unaabiguously 
determined in other, broader class. So, the closed convex surface is 


not unambiguously determined in the class of piecevise-conver 
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Really/actually, F - closed convex surface. Let us conduct the 
plane a, which intersects surface of F, and it is reflected one of 
its parts into which it as ‘divide/marked off by plane a, it is mirror 
in this plane (Pig. 1). The closed surface F*, coaprised of part Sz 
of initial surface and s* - miccor reflection S, in plane a - is 
isometric sur face P. Isometric conformity consists of comparison to 
each point P of surface F, ot beionging Se, coinciding with it point 
of surface Fs, and to point P, which belongs S, - point P*, being 
mirror image P in plane a. It is obvious, this representation FP on Pe 
is isometric. Bat surfaces F and F* are not knowingly equal, since 
thete is this motion or no sotions and mirror reflection for the 
huaten surface of F (but not its separate parts), which would combine 
it with surface of Fe. Let us agree to call the examined isometric 


transformation of surface of F into F* sirror bulge. 


If we F - this surface and F* - surface, isometric F, then they 
speak also, that Ft is obtained by the geosetric bending (or it is 
simple by bending) from F. Sometizes under bending is understood the 
continuous deforaation of surtace F in F* with the 


preservation/retention/maintaining of isometry at each sorment of 
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deformation. We will use word “bending" both in that and in other 
sense, pore precisely forauiatiag it when this can lead to 
misunderstandings. Let us note tuat in the exanined example of sirror 
the bulge of convex surface F surface F* can be obtained by 
continuous bending from F. For this it is sufficient to take plane a, 
first not intersecting surface, and then to move it for surface, 
fulfilling in each position the construction indicated with the 


mirror reflection of the intercept/detachned part. 
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Pig. 1. 
Page 21. 


In connection with the forthcoming application/appendices for us 
special interest they represent the bending of strictly convex 
regular surfaces with edge under the condition of the imagobility both 
of the points of eage aad tangeat planes of surface at these points. | 
For such sentaces ve wild, first of all, establish/install their 


unique determination in the ciass of the twice differentiated 


surfaces. 


FPF ~ twice differentiated strictly convex surface with edge y. It 
is not difficult to supplement it to certain closed convex surface ®, 
for exanple, after taking the convex hull of surface F. If ve surface 


F with attached edge y indicated it allow/assuaed nontrivial 
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isometric transformation in class regular of surfaces, then the 
closed surface ?, obviously, would allow/assume isometric 
transformation in the class of convex surfaces. But this is 
impossible in view of the theorem about the unique determination for 


such surfaces. Affirmation is proved. 


As noted above, surface F, being rigid/inflexible in one class 
of surfaces, cen be bent ian a proader class. In particular, regular, 
attached along the edge strictiy convex surface is nonbendable in the 
class of regular surfaces, but bendable in the class of 
piece vise-regular surfaces. Of this, uS convinces an exauple of 
mirror bulge. Here isometric transformation is connected with the 
disturbance/breakéoun ot regularity (by formation of fin/edge) along 
certain curved, that Linits cormvex region on surface. In connection 
with this let us examine the following question. The how sost 
comson/general/total isometric transformation of regular, attached on 
edge, over strictly convex surface in the class of piecevise-regular 
surfaces, if the disturbance/breakdown of regularity you do solve 
along assigned/prescribed curve 7, which limits the convex region G 


on surface of F? 


G* - part of surface F, acrranged/located out of region G and 
adjoining the edge. First of all, we confirem that during any 


isosetric transforeation ot surface of F with the 
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disturbance/breakdown of the regularity only of lengthwise curve 7 
surface G* they will not change, that is its points remain fired. 
This escape/ensues from the uniqueness of the solution of the Cauchy 
problesa for the differential equation to examination of which is 


reduced the task of the construction of surface, isometric to given. 
Page 22. 


This is the equation of Nonge-Ampere of elliptical type. The 
attachment of edge of surface gives initial conditions for the Cauchy 
problem indicated. The inalterabality of region G* will entail the 
inalterability of its edge y. Thus, during the isometric 
transformation of surface of F is deformed only part G, moreover 7 - 
an edge of region G < remains Eixed. Let during the isoretric 


transforeation F into F its part G transfer/convert in G. 


If surface G is directed by convexity to the same side, as G, 
then P will be convex surface. it is not difficult to conclude that 
in this case it aust coincide vith F. For this, it suffices to use 
the reasoning, with the aid of which is establish/installed unique 
determination F in the class of regular surfaces. Thus, if surface F 
allow/assunes nontrivial isometric transformation, then it is 
necessary to count that G is directed by convexity in the other 


direction. in this case, sucfaces 6 and G. having overall edge yr, 


DOC = 78221901 PAGE MAY 


compose the closed convex surface (Fig. 2). Let us designate it ©. 
Surface ©® allov/assuses isosetric aapping onto itself. This 
representation consists of comparison to each point P of region G6 of 
the corresponding according to isosetry point of region G and each 
point P of region G of the corresponding on isometry point of region 


G. 


In view of the unigue determination of the closed convegs 
surface, the constructed isometric representation of surface gq onto 
itself must be reduced to potion oc to motion and airror reflection. 
Since points curved 7 during isometric representation remain fixed, 
the natter is reduced te the airror reflection of surface ® 
relative to a certain plane. Curve y, being fixed, aust lie/rest at 


this plane. Thus, .we come to tollowing conclusion. 
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Fig. 2. 


Page 23. 


Faoaetese transforaation of ndrp koa convex regular surface, 
attached on cage, in the class of piecewise-regular surfaces with 
aistarbance of ‘regularity only by lengthwise curve 7, which ‘lisits 
the convex region G, is possible only if curved 7 flat/plane, and in 
this case it is reduced to the sirror reflection of region G in plane 


by curve 7.. 


Let us turn now to the supercritical deformations of elastic 
shells. First of all, let us expiain the concept of supercritical 
deformation. By supercritical deformation ve will understand 
aefor mation, with which the sheil experience/tests considerable 
changes in exterior fora. Suca deformations appear usually as a 


result of the loss of stability of the shell when the effective load 
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reaches critical value. Hence and sage - supercritical deformations. 


The saterials from which are sanufactured the shells, as a rule, 
do not allov/assuee considerable internal strains. Por exaaple, for 
steel with tensile strength 0, =4- 109 kg/ce? and sodule/sodulus of 
elasticity B=2010% of kgycut relative elongation (compression) e ia 
the region of elastic deforaations does not exceed value 

Sf = 0,002. 
Approximately the same celationship/ratio occurs for other sost 
widely used structural/design aaterials. Hence we draw the following 


isportant conclusion. 


D+ 
Aaring the supercritical deformation of elastic shell its sedian 


surface experience/tests in essence isometric transformation. 


One should, however, note that this conclusion has real value 
only if the discussion deais with considerable ones change in the 
fore of shell during deformation. But if the deforaed shell has fora, 
close to initial, then our coaclusiaon/derivation is trivial and is 


the consequence of this nearness. 


Let strictly convex shell wath regular surface, attached on 
edge, under the action of certain load be deforsed with bulge on the 


convex region 6G. let us expiain the fora of the deformed shell, 
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Since the supercritical deforagation of shell exists in essence 
geometric bending, and any bendang of the attached on edge convex 
surface with the bulge of convex region is redaced to pirror bulge, 


then we consist: 


Ahe considerable supercritical deformation of the attached in 
edge strictly convex huii is unavoadably close to the appropriate 


fore of mirror bulge. 


In view of the approach/approxisation of supercritical elastic 
defor mation indicated by g@icror bulge, the requiresent so that the 
change in the form of shell would be considerable, is actually 
reduced to that so that the cegion of bulge would encompass the 
significant part of the sneli. dowever, aS we will see sore lately, 
for real shells due to the lawited elasticity of material, the region 
of bulge proves to be in a specific manner limited. As a result our 
conclusion about the approach/approximation of elastic bulge to 
mirror has real value only for the shells of seall size/dinensions 
Or, with these size/4isensions, for sufficiently slightly curved 


shells. In connection with this our examinations in present chapter 
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will be related to flat stcictly convex hulls. 


2. Energy of elastic deforgjation of shell. Foraulation of 
principle A. The elastic shell P with the regular surface under the 
action of certain load, whica amore precisely formulate ve will not, 
is experience/tested supercritical deformation, taking forse of P. If 
median surface of the shell is geometrically nonbendable in the class 
of regular surfaces, thea the deformed shell F is close to 
corresponding to form ? of asoagetric transforgsation FP with the 
aisturbancesbreakdown of regularity along sone lines 7 ana the 
formation of the finsedges along these lines. The presence of special 
feature/peculiarities ia the fora of fin/sedges during the isometric 
transformation P of surface of F and the nearness of surface P to PF 
give grounds to speak about tin/edges (smoothed fin/edges) on the 
deforned surface of shell F, it goes without saying, their form and 
position are deternined oniy in the known approach/approxisation, 
which depends on the nearness of tne deforaed shell F to surface of 
r. So that to conditional fin/edges y on the surface of the deforsed 
shell to ascribe the specific tora and position, we will act as 


follows. 
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as ~ 
To fin/fedge y on surface of F on isometry it corresponds certain 
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curved y on the initial surface of F. During the deformation of this 
curve in question on the deforned shell, corresponds curve y. This 


curve logical to accept for conditional finsedge. 


-Our most inmediate task consists of the determination of energy 
of elastic deformation upon trargster from one F Set asen. This energy 
0 is represented by advasable to break into two parts - U* and U". By 
Ue we will anderstana energy of deforsgation over the basic surface of 
shell out of the vicinity of fin/fedges yr, while by U* - energy of 


deformation within the vicinitiaes indicated. 


Relative to energy U* we will assume that it consists in essence 
of energy of bending, and taereiore per the unit surface area it is 
determined from known to the forauia 

U = 2 (Ak? + Ak} + 2v Ak, Ak), 
where D - Faprsees rigidity of shell, and Sk, and 4k, - sain changes 
in the ‘nornal ‘curvatures of shell a@uring its deforsat ion into fora of 
F. In view of the fact that the disturbance of the regularity of 
surface P occurs only oa fin/edges a it is possible to count that 
surfaces Pr and F out of tae vicinity of finsedges not it is oaly 
point close, .but have also close normal curvatures according to the 
corresponding directions. Hence it follovs that in foraula for -0* 
value Ak, and Ak, it is possible to consider changes in the noraal 


curvatures upon transfer froa surface of F to the isoretric 
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In order to obtain energy U*®, it is necessary to integrate 
expression U* with respect to surface area ?, eliminating the 
vicinities of fin/edges. in this case, if vicinities are sazall, as 
this we will assune, then integration can be extended to entire 


surface of F. 


Therefore 


y= 2 ff (ae + Oj + 2vAA, dA,) do. 
Fa 


Page 26. 


Let us turn now to strain energy U" in the vicinity of 
fin/edges. P sf arbitrary point of £in/edge 7 on sur face of P. Being 
limited to exanination near this point, let us introduce cyliadrical 
coordinate syster %, r, a, after accepting as the axlefaxis of syster 
the straight line, passing through the center of the touching circle 
curved ; at point P of perpendicular to the plane this circle. Let us 
isolate te0 radial ‘planes, by the close P, the cell/elesent. of shell | 
of vicinity by curve ? is coaputed in it strain energy (Pig. 3). Froa 
denonstrative considerations about the deformation of shell in the 


vicinity of fin/fedge, we consist that the strain energy of the chosen 
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cellfelement it is consisted in essence from energy of curvature in 
the plane, perpendicular to fin/fedge and energy of 


expansion-compression in the direction of fin/edge. 


Let the section/cut of surface of FP by the plane, perpendicular 
to fin/fedge at point P, in coordinates rt, z be assigned by the 
equation | | 

z=2(r). 

Let us designate through u and ¥ shifts of the points of surface P 
during its deformation ia P: u~ on the principal normal, and V - on 
binornmal curved y at point P. then, if the tangential planes of 
surface P by lengthwise curve r tors saall angle, then change in the 
normal curvature upon transter ‘fron surface of r and P in the 
direction, perpendicular to finfgedge, it will be it is equal 

ie sl Ak~v’, 
where the differentiation is conducted according to to the variable 


Te 
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Fig. 3. 
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If now a change of the noraal curvature in the same direction upon 
transfer from the initial tora of F to P is designated 4k, then the 
total change in the norsgal curvature during deformation F in F will 


be equal 
Ak =v" + Ak. 


Energy of curvature U" , the chosen cell felesent is deterained from 
i Sonat Lite Gen dtenihas aK al . 


Ui = 2 j { (o" + Amy ao, 


where the integration is fulfilled by the area of cell/elesent. 


Relative tensile strain - the compression of median surface of 
shell in the airection, perpendicular to the section/cut in question, 
obviously, it will be equal to _ 


ex, 
? 
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where p - a radius of curvature of fin/edge 7 at point P. Hence for 
strain energy oe ue connected with elongation (compression) ‘pedian 


surface of the chosen cell/elenente is obtained the expression 


ui=t | | oa. 
where D* - rigidity of shell to elongation (compression). 
Let us designate througa Qe the width of the vicinity of 
finsedge 7 in question. Taea total energy of the deformation of the 


chosen cell/felement of shell can be represented in the fora 


U= 


& for rannecs & [Saal 
-t -t 


where Al - width of cell/felement in direction 7. U" - strain anera? 


in the vicinity of fin/eage per the unit of its Rina feat Then 
z is a 
U = 5 f (v" + Ak) ds+ = [ $a. 
-¢ ~~ 
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Here Ak ~ change of the noraal curvature in the direction, 


perpendicular to fin/sedge, upon transfer fros the initial for of F 
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ns 
to P, and integration is fulfilled in width 2% of the vicinity of 


fin/edge 7. 


Since we disregard the deformation of sedian surface ve the 
direction, perpendicular to tinfedge, the variables u, the x, which 
are deter mining deformation sheiis, must satisfy certain condition. 
This condition we will obtain, egualizing the linear cell/elenents 
ds2 and ds2 surfaces ? and F in ‘the section/cut, perpendicular to 
finsedge. We have 

ds? = art +dz?, 
ds? = (dr + du)?’ + (dz + doy. 
Hence | 
dr du+-dzdv-+- (du? + do) =0. 

Let us designate through 2a the angle between the tangential 
planes of surface F along fin/edge 7- Since the geodetic curvatures 
of fin/eage 7 in sur face of F differ only ia teras of signa vith 
approach to Y from two sides, then the osculating plane of fin/edge 
forms to by the ‘tangential planes of the surface of identical ones 
the angles, equal to a. under the assuaption of the srallness of 
angle « the relationshipsratio between displacements u, P can be 
sinplifiea. Specificallyss noting that 

| |= |~a na” <u’ |, 
we can write this relationship/ratio in the following forr: 
; ny i tev +letmo a 
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Here sign "+" gust be taken in one p REDE Manan boneeots and into 


another * sign ma, 


Let us speak, that surfaces F and P at the appropriate by 
isometry points P and ? are equaliy oriented, if the circuit/bypasses 
of these points, which correspond on isometry, fora with the 
direction of external standard simultaneously right (or left) 


screw/propeller. 
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But if for one surface there will be right screw/propeller, and for 
another left, then we will speak, that at such points of surface they 
are oriented oppositely. Since upoa transfer through the tinseage of 
surface F the direction of convexity changes, then in one 

hal f-neighborhood of the £inseage ‘of surface F and F they are 
oriented equally, but into aaother - it is opposite. Let us agree to 
call external that hal f-neighborhood in which surfaces are oriented 
identically, and internal - that ia which they are oriented 


oppositely. 


Let us select now the direction of Z-axis of cylindrical 
coordinate systen so that the relationship/ratio betveen 


displacenents U, v in external | balf-neighborh ood would be 


u par peat 
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In this case, naturally, ia internal half-neighborhood it will be 

. a — a +5 0. 
Now k - norsgal curvatere of initial serface in the direction, 
perpendicular to fin/edge (k>Q), k, - normal surface curvature F in 
the appropriate direction froa the side of the external 
Bai Fo nelgenhoe’ of finsedge Ft, >0) and * - ‘noraal surface 
curvature r also in the direction, perpendicular 7. but from the side 
of internal half-neighborkeed (k, <0). Then value Ak, which eaters ito 
fornela for 0", in external half-neighborhood is equal to v4, and 


k—k - in internal. 


Expression for Eanes opens? U* is expedieat to convert as 


follows: 


= “— 


| 


fran % f actn [anv art oF ey 
a s 5 


Last/latter term/component/addend in this expression we will 
Ea Jent (throm immediately, assuaing small width 9 of the vicinity of 
fin/edge, in which are conducted our exaginations. Let us turn to 


<aiee term/component /addend. 
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Since function V* suffers breakage on fin/fedge (that is with s=0), 


then 


m3 
i Aku” ds == — Ak,’ (+0) + Ak,o’ (—0) + 


+ Ak,v’ (&) — Ak,v’ (— @). 


Last/latter two ee eee they can be lowered, since V*(s) 
unlimitedly ‘decreases during Riatapeesewec yet fros fin/edge. As far 
as terms are / concerned first two, when little « thea it is possible 
to consider equal - - ‘ahh, ‘and bk, Taking all this into consideration, 
we can ) write expression for strain energy in the following fora: 


—~ - 


z 3 
Or => [ ota+F 4 i ds — Da(dk, + Sk). 
4 


If we here introduce values At, and Ak,, then ve will obtain 


= , D’ 7 u® a a 
Dr a 2 [ ase ana 2k-+ k, + hi). 
-6 - 


The found by as expression for strain energy U* in the =e 
of fin/edge depends on two functions u and V, connected by the 
relat ionship/ratio 
a + av’ 2, 


We will determine these functions, and with therm and strain 
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energy, minimizing functional U* <u, ¥F) o.. 


FOOTNOTE *. This escape/ensues froa the cosson/general/total 
variation principle to which 1s reduced the solution of the task of 
the elastic equilibrium of shell. The corresponding task by us is 
dissembered to tuo parts: the detecaination of the fore of shell near 
fin/eages and the subsequent determination of the position of 


esa /e lees eee eae SSE EMDPOOTHOTE. 


Let us introduce instead of the variables u, ¥V, 8S new the 


a ae % and 3. set/assuaing 


~ u - v’ Sie 
“= pat’ ve? ca’ 
where 
NSS, 2 
sion 
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Noting that 


ES* p=-— 
=s1-4° ° “T-? 
for strain master o. ail new oo we will obtain the following 


expression: 
“Te se Mi 
" = —2k+k, +k 
omega eer 


where 


> 
J=y j (v7 + w)ds, 
e 
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and 


Riel 


fhe featare above the designations of new variables for sisplicity of 


recording is lowered. 


The EIST ACRERS BEATS between bias mean in new variables 
takes the fora 
a’ t o+50=0. 
the Liphte of integration +? in expression for J depend on 
paraneter €, when e—0, aa In connection with this, being lisited 
to the case of such shells and thear deforsgations, for which this 
parameter is low, let us repiace integration lisits in J on +#-#:; 
bor 4 
z J @*+e)as 
Now task regarding a, ¥, and energies of deformation U" is 
reducea to task to the ainiaua tor functional 3 in the nonholonosic 


constraint 


y tots =O 
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So that our variational problem would become completely determined, 
we must still place boundary conditions for the varied functions u 
and v. These conditions logically escape/ensue from the fact that 
surface F far from fin/edge is sufficiently close to FP. Therefore we 
set/fassunme 
u(—co)=u(co)=0, v(— co) = (00) =. 
Jo - minimum of functional J. Then strain energy U** is 


determined from the foragula 


ae __ Bb*a"J, 
12" (1 — v?) o'* 


Strain energy in all vicinities of fin/edge 7 is obtained by the 


+ Da(—2k+k,+k,). 


integration of this expression for arc curved ye Let us note that the 
obtained expression of strain energy depends only on the geometric 


characteristics of surface F on tin/fedge 7. 


The definition of the states of the elastic equilibrium of 
shell, which is located uader the action of the given load, as is 
known, it is reduced to the solution of task to the extremum of the 
functional 


W=U—A, 
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where U energy of elastic deformation of shell, A - the produced by 
external load work by this strain. Shell under the action of the 
given load takes such foram of F which communicates to functional # 


steady-state value. 


For energy of elastic supercritical strain, we found the 
ex pression 
U=U'(F)+U"(P), 
depending only on surface of PF, isometric F and close to F. In view 
of the nearness of surface F to Fat lis possible to count that the 
produced by external load work A is determined by strain F in F, 
i.e., that 


A(F) = A(P). 


Now we can formulate the following principle A. 
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The considerable supercritical deformation of elastic shell 
under the action of the given ioad is close to that form of the 
isometric conversion of initial surface, which communicates 
steady-state value to the fuactional 

W = U(P)— A(P). 
This functional is determined during the isometric transformations of 


median surface of shell. addend U(f) is determined by the following 
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Y 


formula: 
ra E83 ¥ 9 9 
U(F)= aU ph Ai ae an aor 


ES 


Ee Kes k.+ k,) ds,. 
12(1 — v’) [ ac BOE PAR MILER 


* 
~ 
, 


+ cEs" s: ds, + 
y 
Here Ak, and Ak, - main changes in the normal curvatures upon 
transfer from the initial form of shell F and to the isometric 
transformation F; 2a - angle between the tangential planes of surface 
F along fin/edge (fin/edges) 7; p - radius of curvature curved 7; 

k, amd k, ~ normal surface curvatures F in the direction, 
perpendicular to fin/edge 7, k - normal surface curvature F in the 
appropriate direction; 6 - thickness of shell, E ~- modulus of 
elasticity, vy = Poisson ratio. Constant 

cmt. 
Integration in first term is fulfilled by surface area PF, and in 


remaining two term/component/addends - according to the friend of 


fin/fedges 7. 


Addend A (FP) is the produced by external load work by the 
deformation of shell intc form of ¥ and is calculated by the usual 


method. 


The proposed principle deteraines not only the form of shell 
during supercritical detormation, but also the saxinur 


voltage/stresses in its material during this deformation. 
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Really/actually, maximum voltage/stresses appear, obviously, in the 
vicinity of fin/edge they are caused either by curvature in the 
plane, perpendicular to fin/edge or by the elongation (compression) 
of median surface in perpendicular direction. In initial the 
variables u, V for a saximum voltaye/stress o«* from curvature in the 
plane, perpendicular to fin/fedge, we have 

o’ =  max|o"|. 
The maximum tensile stress (compression) of median surface in the 
direction of fin/edge will be 

o” = E max|*|. 

Transfer/converting in these foraulas to to the dimensionless 


variables u, ¥V, we will obtain 


\, wr 
= CE a ’ 
biag’h 
o” = c"E —— : 
e 


where c® and c** - constants, determined with the aid of functions u, 


VY, which realize the ainimum of functional J, on the formulas 


c/ =  max|o’, 
oe” am max | u| 
a 


The values of these constants, and also the constant c in functional 


W we will find in the following point/iten. 


DOC = 78221902 PAGE g 
ie, 


3. Solution of variational problem for functional J. 
Determination of the constants Ce C* and c#®, Examining a question 
concerning energy of the elastic Supercritical deformation of shell, 


we atrived at task to the Bininua of the functional 


in the nonholononic constraiat 
ut 0+ =0 


and under following boundary conditions for the varied functions; 


4“(—co)=u (co) =0, 0(— Co) = 9 (00) = 0. 
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By the sense of task its SOlution pust be searched for among 
functions V, which have gap with s=0 with the condition 
v(+ 0)— v(— 0) =~ 2 
This condition escape/ensues from the corresponding condition for 
initial the variable v, where at takes the fora 
o (+ 0) — vo (— 0) = — 2a. 
It is natural to search for the solution of our variational 


problem in the class of the odd functions u and V. Then 


J= ry? + ua?) ds. 
f 
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Communication/connection takes the fora 
u’+o4+S=0, 
Boundary conditions will be 
u(0)=0, u(coc)=0, v(0)=—1, v(cc)=0. 

Since V(s}) ~7 0 with s?=, then with large s 
communication/connection between u and V can be simplified, after 
reject/throwing unessential term/component/addend v?2/2. Then we 
obtain 

u’+v0=0. 
If we exclude function V, atter expressing it through u taking into 
account communication/connection 

uw +o+S=0, 


then functional J will take the forn 


J= f f(a, a’, a”) ds. 
a 
With large s 


fru? + 
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Therefore the equation ot Euler for our variational problem with 


large s takes the foram 


aV+a=0. 


Doc = 78221902 PAGE 7 yb 


Its general solution 
|e 7 7 cer’. 
k 
where , - roots of the characteristic equation 
o+1=0. 
In view of condition ue) =0, in expression for u must be only 
term/component/addends, which correspond to roots o, with negative 


real part, i.e., to the roots 


Thus, with large s 
u=ce™ + ce, 
v= — a! = — ¢,W,e% — cane™*. 


Taking into account the obtained asymptotic representation (with 
large s) for functions u, V, let us search for V on an entire 
semi-axis in the form 

v= a,x + oy + ax? 2aioxY+Ayy?+ ..., 
where for brevity it is sarked 
x=e, y= ets, 

Let us compose the equation of Euler for function V¥. According 
to eylera - Lagrange*s method, the solution of task to the mininun 
for functional J in the assigned/prescribed nonholonomic constraint 
is equivalent to the solution of task to unconditional extremum for 


the functional 


I= (+07 +2(9(u +044) )as. 


t) 
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The equations of Euler for this fuactional will be 


A(i+0)—20”"=0, 2u—d’=0, 
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To these two equations it is necessary to connect the equation of 
relation 
u’ +u+ FS =0. 
Integrating last/latter equation in limits (0, ©) and noting 


that u(=) =0, we will obtain 


From the equation 
A(1+ v)—2v”=0 
it follows that rA(*)=0, since V({-)=0 and, therefore, it is possible 
to count v**(#)=0. Substituting the obtained integral representation 
for u in the equation 
2u — 2’ =0, 


and integrating it in ligits (s, «), we will obtain 


v? 
A= 2 v+-—)dt ds. 
ff o+4) 
But now with the aid of the equation 


A(l+90)— 20" =0 
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we obtain the unknown integrodifferential equation for V 
vw +(1 +f f (o + 5) atds=0. 
sf 


Substituting in this equation expression for V in the form a 


row/series according to degrees X, y, let us have 
a, @ a 
«(ao}-+ Ss) +9 (uy s+ 3)+ 


1 a? 2 
+2(4e,of+ dr (a+$)+5)+ wo. 0, 
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Equalizing to zero coefficients of XK, y, X?, ooo, we will obtain 
infinite system of equations fOr Gy, Go, Gygu Xy2e eee The first two 
equations of this system are satisfied identically, since w, and w, 
are the roots of the equation 

of+1=—0. 
Remaining equations allow to determine a3,, ,2, o++ depending on ay, 


and Zee 


After expressing thus tae coefficients of expansion through a, 
and as, we will use for determining the latter the boundary 
conditions: u(0)=0, V(0)=-1. We have 


2 2 
wt tet yt Kane, ++... 0. 
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Hence, set/assuming s=0, we will obtain 
« a I a 
a Meum Oe o)+3)4 vie a0, 
The second eyjyuation for ag, ag 18 obtained from boundary condition 
V(0)=-1: 
@, + @ + @),(a,, @)+ ... =—I. 
The obtained system of equations for a4, az is conveniently 
presented in the fora 
a, a 
Pe aia a a,) =0, 
a,+ a+ Q(a,, a,)=— I. 
For solving this system, it is possible to use the method of 
successive approximations. The first approximation is obtained by the 
solution of the systes 
+4 2=0, a+a)=—!1. 
For obtaining the second approach/approximation, let us substitute 


obtained values of a,'!) and a4) ia P and Q we solve the system 
12) (2) 

ay a; : -, 

aoe a") = 0. 


a + a + Q(at, ai!) = — I. 


Analogously are located the subsequent approach/approximations. 
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By the described method, being limited to the second 
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approach/approximation, is obtained the value 
do m= 1,2. , 
max|v’|~1, max|uj}~0,5. 
For the appropriate functions u, V, it will be a G We focus attention 
on these values because with their aid are determined the constants 


c* and c** in formulas for gmaxiasua voltage/stresses (p. 2). 


In connection with the study of the probles concerning 
elasto-plastic supercritical deformations, we will now propose 
another sethod of solving tne variational problem for functional J. 
This solution, approximated actually, will be based on the 
demonstrative representations of the character of the deformation of 
the shell near fin/fedge, with study of which is connected our 


variational problea,. 


In Fig. 3 to the right (paye 26) they are depicted the 
section/cut of the deformed shell by the plane, perpendicular to 
fin/fedge, and section/cut by the same plane of surface Pr, which 
approaches the form of shell. New the variables u, V, which we now 
use, are the respectively standardized/normalized radial displacement 
of the point of surface ¥ ducing its deformation in F and the 
standardized/normalized angle ot rotation to tangent. The 
standardization of angle is carried out in such a way that its value 


at point A(s=*0) is equal to -1. 
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On the basis of the representation of the local character of the 


deformation of shell in the zone of powerful bending, it is logical 


to assume that after point B, where v=0, value V it remains small and 


in the differential linkaye of the variables u, V tera v2/2 can be 


disregarded. Then communication/connection will take the form 


Further, 
de for med 
Hence it 
value of 


constant 


Page 40. 


uot+u=0. 
it is obvious, that the maximum of the bending of the 
shell must be reached in immediate proximity of point A. 
follows that near poiat A value V*, which is determining the 
bending, changes barely, and logical to consider V* of 


in certain vicinity point A. 


Taking into account two considerations indicated, let us search 


for the minimum of functional J on many functions u, V, which satisfy 


the conditions 


Ww , v? 

1 Mpa s<o uw’ +o+—=0, v’ = const. 
® 

2. Tipu s>o u’+o=0. 


Key: with. 


Here «6 - 


parameter, which is subject to variation. The minimum of 


functional J with given one « will be known function from o: 


Jmin =J(0). Por determining value Jg, we minimize this function on o: 


4g = min J (0). 
) 
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Let us find function J(e). Set/fassuming with s¢e 

got 

v =z = const, 
after integration we will obtain 

v => + const. 
Since v=-1 with s=0, then 

v= 7— 1. 

The parameter A makes sisple sense. Specifically,, such this value s, 
at which V turns into zero, ic@eg A*ee Thus, with s<e we have 


v(s)= 


s—o 
<r 
From the equation 
a +0+ 5 =0 
we find function u(s) with s<e: 
a= — 3 (s— of — <i5(s —o) + const. 
Integration constant is deterained by boundary condition u(0)=0, and 


it is equal to o/3. Thus, wate s¢e it will be 


u=— 5 (s—oP— gy (s—of+ §. 
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The values of functions u, V at the end « of cut (0, «) are 
respectively equal to «/j and 0 they are initial values for the 


varied functions u, VY on the remaining part of the semi-axis (o, “).- 
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Since with s>e by bypothesis 


a’+¢e=0, 


that functional J can be presented in the form 
o oo 
J= f (vo? +2?) ds + f@ + u®)ds. 
tt) @ 


function u(s), that realizes the aininua of functional on semi-axis 
(es, “), it satisfies the equation of Euler 
ulV 4+ 40. 
Its general solution, which disappears at infinity, allow/assumes the 
representation 
a= ces + C,e%5, 
where w, and w, - roots of the characteristic equation 
ow +1=0 
with negative real part, ic@e, 
@=— 751-9. = — 751+. 
The constants c, and cg are determined by the conditions of the 
coupling of functions u, WV with s=e. We have 
ae) mee" + ce =z, 


0 (0) = — u’ (0) = — c,@,e% — cyfoye™ = 0. 


Hence 


eye oma 
Let us calculate now value of J(e). With s¢e it will be 


s—o 
= ——— 
0 


jute hae a) — aro of + F. 
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Hence 


{ (v?+ u2) ds = 14 (yp t+a x). 
0 
With sde« we have 


OFF ent mente, 


, oi 


Ui = — Te (— wet 4 pele“, 


ut vy" = e-V 2s-0), 


Hence 


fos) 


[+ o)aem Tr. 


Thus, 
1o= 34 A 4 (et ee 
Minimizing J(«) on o, we find Jag: 
Jy = min J (a) ~ 1,15. 
(@ 
The obtained value Jag, appareatiy, is close to true. In any case, 


application/use of electronic coaputers for determination Jp gave 
it the value 


for 


Jog = 1,1156, 
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moreover the first three signs in this expression were guaranteed. 


Let us calculate now the values of the constants c, c* and ct’, 


introduced in p. 2. We have 


Jo 
‘r= - 
12" (1 — v’) 


Setfassuming ,=—0,3 and Jg=t.11, we find 


c=~0,19. 
Constant 


r_ 12% P 
c= max |v" |, 
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Set/assuming max. |\V*| =1, let us have 


ce’ =~0,9 
Constant 
»  max|u| 
ao 
With max. |u|=0.5 
ce” =~ 0,27. 


Let us compare the values of maximum voltage/stresses «* and o** 
respectively from bending and elongation (compression) in median 


surface of shell. We have (pe 2) 


o =0,9F 2, (*) 
a 
Yara 

o” =0,27E —. 
p 2 
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We see that the maximum voltage/stresses from bending are much more 
than the tensile stress (compression) in median surface. Hence it 
follows that calculation for the strength of shell during 
supercritical deformaticns one should conduct according to the 
bending stresses in the vicinity of fin/fedges. These voltage/stresses 


are determined from forsula (*). 


§2. Supercritical deformations of strictly convex hulls under 


external pressure. 


The application/use otf principle A, formulated in §1, we will 
illustrate in this paragraph based on the example of strictly convex 
hulls, which are located under external pressure. We will examine two 
methods of the loading of the shell: by the concentrated force, 
norgal to the surface (at the point of its application/appendix), and 
by uniform external pressure. The cesults of theoretical examination 
let us compare with the data of the corresponding experiments with 


the shells of spherical fora. 


1. Determination of basic values in the case of mirror bulge of 
low regions. The application/use ot principle A during the study of 


the supercritical elastic states of shell assumes the determination 
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of the row/series of the values ot the isometric transformation of 


median surface. 
Page 4&. 


Keeping in mind the nearest application/appendices, we will determine 


such values in the case of the mirror bulge of low regions. 


As is known, the fora of reguiar strictly convex surface in the 
sufficiently small vicinity of this point P approaches well by 
certain elliptical paraboloid which is called that contacting. If we 
accept tangential plane at point P for plane XY, and the main 
directions of surface at this point for reference directions, then 
equation of the contacted paraboloid will take the forn 

z =F (hx? + ky’), 
where k, and kz ~- principal curvatures of surface at point P. Hence 
it follows that the region of the airror bulge of shell with the 
center of bulge P at the low altitude of bulge 2h (sagging/deflection 
at point P) is assigned by the ineguality 

Fhe hay) <A, 

and, therefore, is ellipse with the semi-ares 

a= =e bm yf B. 

In connection with the determination of energy of elastic 


deformation with bulge by us will be necessary the expressions for 
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curvature curved, that limits the region of bulge, and for normal 


surface curvature. Let us find expressions for these values. 


The boundary of bulge as ellipse with semsi-axes a, b, 
allow/assurmes the parametric assignarent 


x=acost, y=bsint. 


Using formula for the curvature of curve, we find 
a ab 
@ = (a* sin? ¢ + 6* cos? t) * 


where p ~- a radius of curvature. 


Let us determine normal surface curvature in the direction of 


the boundary of bulge. 
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In view of the fact that the region of bulge is small, it is possible 
to count that the principal curvatures on the boundary of bulge are 
close to k, and kz, - to principal curvatures in P (center of bulge), 


but main directions are close to amain directions into P. 


On the Euler formula, normal curvature in the direction which 
forms angle $ with the main direction, which corresponds to curvature 


ks, is equal to 
hy = k, cos? 8 + k, sin? &. 
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In the case 


my te —asint ao bcost 
echan: (a? sin? f + 6? cos? 1)" ' (a? sin? ¢ + 6? cos? t)'* * 


in question. Therefore noraal surface curvature in the direction of 
the boundary of bulge is equal to 
a’ sin? t 6? cos? t 


a, hy a* sin? t + 6? cos*t Be a’ sin? t + b? cos?t ' 


or, noting that 


we will obtain 
rs 2h 
na sin? £6? cos? 7 * 
Normal curvature in the direction, perpendicular to the boundary 
of bulge, is equal to 
kn =k, sin? 6+ k, cos? #, 


or, taking into account of expression for cos%, sind, k, and Ko, we 


will obtain 


a’ 6? 
e. pe sin? t+ = cos? t 
&, = 2h a® sin? f +6? cos?? 


Let us determine angie a between the plane curve 7, that limits 
the region of bulge, and by the tangential planes of surface. On 
formula it is less 

pk, = sina. 
For the low regions of bulge, and therefore small ones a, we have 
a=pk,. 


Substituting here the obtained values p and k,, We will obtain 


2h ' 
a= = (a? sin? t + b? cos? 4)", 
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Let us calculate now U - strain energy of shell. It consists of 
two parts ~ Us and u., where U, ~ energy of bending over basic 
surface, and u= strain energy in the vicinity of the boundary 7 of 
the region of bulge. Value U, 48 determined from formula (page 25) 

Us=> J J (Aki + Aki + 2v Ak; Akz) do. 
Here Ak, and Ak, - main changes in the normal curvatures upon 


transfer from initial form to isometric transformation, 


~ (l—v) 


- the flexural rigidity of shell, but integration is fulfilled by the 
area of an entire surface. In the case of the mirror bulge of value 
Sk, and Ak, in question out of the region of bulge G, they are equal 
to zero, but within this region Aks=2k,, Akg=2k a, where k, and kz - 
principal curvatures. In view ot assumption about the smallness of 
the region of bulge, k, and kz it is possible to consider it equal to 
their values in the center of bulge P. Taking into account the value 
of the area of the region of bulge, we will obtain 

Us = SyEE To it + B+ Qvkik,). 
Here 2h - height/altitude of bulge (normal sagging/deflection in the 


center of bulge P), ky and kz - principal curvatures in P, 6 - the 


thickness of shell, E - the modulus of elasticity, and v - Poisson 
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Let us calculate now strain energy on y ~ to boundary of bulge. 


For it in §1 is obtained the formula (page 33) 


$i 
— of f Abts ES j jn 
U, == cE Je “9+ Iw a(— 2k + k, + k,)ds,. 


Here a - the angle between the plane curved y ~ and the tangential 
planes of deformed surface, k - nocmal curvature of initial surface 
in the direction, perpendicular to the boundary of bulge, ¢, and 
k&, = normal curvatures ot the isometrically converted surface in 
accordaace with from the side of the internal and external 


half-neighborhood of the boundary of bulge. 
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In the case of mirror bulge ¢,—k, k,——k. Thus, second tera 


in formula for U, can be written in the fora sas | kads,. Taking 
Y 


into account the obtained above values for normal curvature k=k,, 


i 


angle a and noting that ds, =(asin?t+ p?cos?t)*at, let us have 


on 


wr o? 
| kads, = = | (Fr sin? t+ cos? t} dt = 


ES nh 
— Fay (ei + 4). 
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When ,—o it differs from expression Us only in terms of sign. 


We assume that the wore in-depth analysis of the elastic state 
of shell at the boundary of buige aust bring to by complete the 
compensation this term energy UU, also, when  \.0 Therefore total 
energy of deformation let us detersine from the forsula 

U =cEb" [ Spas 


. 


vy 


y 


Substituting in this formula the obtained above values a and p, 


we will obtain 


2 
a (2h)‘h 
f mv ds, eer J (a? sin? ¢ + 6? cos? t) dt = 


Qh)*'s re 
= e ” m (a? + b?) = (2h)? (k, + k,). 
Hence 
U = ncEb" (2h)""* (k, + ky). 
Page 48. 


Let us estimate magnitude of error which we allow/assume when 
v#0, reject/throwing in the expression of strain energy 
ters/component/addend 


mh E68 
SS Ooo 2 . 
3V RR, im ( ve, Ro) 


AU 
Let us take for an example the spherical shell of radius R. For this 
shell the found by us value of strain energy is equal 


UV=x 2 "iy /, 1 
nc Ed" (2h) R: 
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the reject/thrown tera is egual to 
nth EB 1 
eS Te 
and relative error is equal to 
AU v ea 
UU 6 SU Vx i 
Since we examine the considerable deformations (2h/65 greatly), then 


hence it is apparent that whem +0 introduced by our assumption 


error is small, even if this assuaption is erroneous. 


Let us determine the maximum voltage/stresses « in the material 
of shell with bulge. Such voltage/stresses appear from bending on the 


boundary of bulge and are deteramined from forsula (§1, p. 2) 


beg’ 
p'2 : 


Substituting here values a and p, we will obtain 


o=c’'E 


0 = c’E6" (2h)" V kik, 
It is substantial to note that these voltage/stresses are constant 


along the boundary of bulge. 


Thus, with the mirror bulge of the low region of strictly convex 
hull strain energy UV is deterained from the formula 
U = ncE8" (2h) (k, +k), ¢~ 0,19. 
The saxinus, appearing from bending on boundary bulges of 


voltage/stress are equal to 
9 = ¢'E0" (2h)" Vaeyky, c= 0,9, 
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2. Supercritical deformations of shells under action of 
concentrated force. Let the strictly convex hull, rigidly attached on 
edge, locate under the action of concentrated force of f, normal to 
the surface of shell at the point of application/appendix. [f this 
force causes considerable deformation, then the determination of the 
elastic state of shell is reduced to task ks the extremua of 
functional W=U-A which is deterained and is examined during the 
isometric transformations of the initial form of shell. We will 
assume that the bulge ct shell, caused by the action of force of f, 
encompasses convex region. In this case, as shown in p. 1 §1 the 
class of the isometric transformations during which it is necessary 


to examine our variational proples, becomes narrow to mirror bulge. 


In the case of mirror buige for functional U in p. 1 obtained 
following expression: 
U = ncE6"* (2h) (k, + hy). 
Assuming that the point of the application of force of f is the 
center of bulge, let us have for functional A, which is the work, 


produced by force of f by the deformation of shell, formula A=2fh. 
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From the condition of stability 4(U-A)=0 of functional W, we 
obtain the dependence between the amount of acting force f and 
deformation (2h), which at causes. We have 

dW = 3ncEb"* (2h)" (k, + k,) dh —2f dh =0. 
Hence 
f = SE EO" (he, + by) VOR. 
From this foragula it is evident that during an increase in the 
deformation the received by shell ioad f increases. This indicates 
the stability of the states of the equilibrium of shell under the 


action of concentrated load. 


To conclusion/derivation about the stability of the states of 
equilibrium it is possible to proceed by another way, examining the 
second variation in functional #. We have 

OW = 3ncEd (k, + ky) —L— dh? > 0. 


VA 
But this means that the state of equilibriusa is stable. 


Page 50. 
Let us examine especially the case of spherical shell. For the 


spherical shell of radius 8, we have k,=K,=1/8, and the forsula, 


establishing the dependence between the acting force f and the 
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sagging/deflection 2h, which it causes, takes the fora 

f = 3ncE8" VOR J. 
If a radius of the circle of bulge is designated through p and is 
replaced, that 2h~p2/R, tnen this dependence can be still written 


then 
8% 


Rae 
Thus, the dependence of a radius of the circle of bulge on the acting 


J =3mcE 


force f is linear. 


The obtained dependence of sagging/deflection 2h on the acting 


force f for spherical sheiis was subjected to experimsental check}. 


FOOTNOTE *. These experisents, just as others, described below, are 
carried out by the author with the participation of the colleagues: 
Me Me. Pugolovok, Yu. i. Kravetskiy, Ne. S. Sukhlenk, N. I. Kotov, V. 
A. Chistyukhin, A. N. Pedorenko. Experiments were conducted in the 


physiotechnical low-temperature institute of AS UkSSR. ENDPOOTNOTE. 


The installation during which was conducted the corresponding 
experiment, was arranged sufficiently simply and it is schematically 


represented in Fig. 4. 


Tested spherical segment 1 freely rests on rigid ring by 2. The 


action of load f, which consists of the calibrated according to 
weight washers, through vertical rod 3 is transferred to the surface 


of segnent. 
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In order to exclude the plastic deformations of segment in immediate 
proximity of the point of the application/appendix of concentrated 
force, the point of rod, which contacts with the surface of segment, 
is carried out with comparatively small, but larger than in segment, 
by curvature. The vertical displacement/movements of rod, i.e., the 
sagging/deflections of shell (2h), were recorded with the aid of 
precise optical instrument by 4, making it possible to measure these 


displacement/movements with an accuracy to 10°73 on. 


Experiment vas conducted on the series of the copper shells of 


radius R=150 mom with different thickness 6 from 0.03 to 0.10 mn. 
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Shells were obtained by metal spraying copper in vacuum to the steel 
backing of spherical fors. The sphericity of backing and, 
consequently, also the obtained shells, was maintained with high 
(optical) accuracy/precision. Tue special conditions/modes of metal 
spraying made it possible to obtain the specimen/samples, possessing 
high elastic limit. This is substantial for experiments with 
supercritical deformations, since the voltage/stresses in the zone of 
powerful local bending (on the boundary of bulge) during such 


deformations are very considerable. 


Figure 5 depicts the graph/diagrams of the theoretical 
dependence of the sagging/deflections of shell under the action of 
the concentrated force 


R? 
9n2c2E i 


2k = 
for the spherical shells of radius R=150 mm and different thicknesses 
6=0.037, 0.048 and 0.056 am. Graphs are constructed taking into 
account the actual value of the sodule/modulus of elasticity E which 
was determined by special testing for bending of the flat/plane 
specimen/sasples, obtained by setal spraying under similar 


conditions. 
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Isolated points on graphs give the experimental values of 
sagging/deflections 2h at the different values of the acting force f. 
We see that the theory and experiment in a question in question are 


in satisfactory agreement. 
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Theoretical and experimental study of a question concerning the 
deformations of strictly convex hull under the action of concentrated 


force we is summed up by following conclusion. 


The sagging/deflection 2h of strictly convex hull under the 
action of concentrated torce of f£, normal to the surface of shell, it 
is determined by the relationship/ratio 

f = St Ee" (ey + ky) VOR, 
where ky and kz ~ principal curvatures of shell at the point of 
application of force 6 - thickness of shell, and is constant c-0.19. 
In particular, for the spherical shell of radius R 
f =3nce0" YR 

3e Supercritical deforsatiaous of strictly convex hull under 
external pressure. Let the strictly convex hull, rigidly attached on 
edge, locate under the action of the uniform external pressure p. Let 
us examine the states of the elastic equilibrium of the shells with 
which its form experience/tests supercritical deformations. According 
to principle A (§1, page 32) the determination of these states is 
reduced to the solution of task to extreraua for the functional 

W=U—A 
on many isometric transforsgations of initial surface. If one assumes 
that the deformation is accompanied by the bulge of convex region, 
then the class of the isometric transformations, during which is 


examined the functional, it becomes narrow before the isometric 
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transformations, which are reduced to mirror bulge (§1, p. 1). 


In the case of mirror bulge, the strain energy U is determined 
from formula (page 49) 
U = ncE (2h)""8""(k, + k,), 
where 2h - height/altitude of bulge in the center of region, k, and 
kz - principal curvatures of median surface, 6 - the thickness of 


shell, E - the module/modulus of elasticity, while constant c-0.19. 
Page 53. 


Let us determine that produced by the external pressure p work A. It 
is equal to the product of the value of pressure on a change (during 
deformation) in the volume, limited by shell, i.e., 
A= pay. 
It is found AV. After accepting the center of bulge P in the origin 
of coordinates, and tangential plane in P for plane XY, in the 
corresponding direction of axle/faxes X, y we can assign the surface 
of shell near P equation 
z= (hx? + hay), 

If we designate through S(z) the area of the region, determined 

by the inequality 
| 5 (hx? + hy") <2, 


then the which interests us voluse 


a 
vidi! baa 
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AV 


Area S(z), as the area of ellipse with the seni-axes 


it is equal to wab, and therefore 
2Qz 
Vkyk; 


Hence after integration for z, we obtain the voluse 


S(z)=n2 


2nh? 
AV = ; 


The produced by external pressure p work is equal to 


ae 2nh?p 


ViiR, 
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Now from stability condition of functional W in the state of the 
elastic equilibrium of sheli, we tind the dependence of the received 
by shell pressure p on sagging/deflection 2h in the center of bulge. 
We have 


dW = 3ncE (2h) 8'"(k, + k,) dh ~ M2 ah = 0 
ata 4 - saat: 


whence ts " 
p= 5 cE (ky + hy) hin 
From this formula it is evadeat that the received by shell 
pressure p is decreased during an increase in deformation (2h). But 
this indicates the instability of supercritical deformations under 


external pressure. Conclusion about the instability of the obtained 
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elastic states corresponds to the experimental data on the character 
of supercritical deformations under external pressure. According to 
these data, supercritical deformations after the loss of stability of 
shell are developed without an increase in the load and even during 


its decrease. 


The smallest received by shell load during supercritical 
deformation is called lower critical in contrast to the upper 
critical load, with which occurs tae loss of stability of basic form. 
Let us examine a question concerning the value of lower critical load 
for strictly convex hulls, whica are located under external pressure. 
In view of the fact that the received by shell load is decreased 
during an increase in the deformpation, lower critical load 
corresponds to the greatest geosetrically permissible deformation. If 
this deformation is designated 2,,, then lower critical load »p, will 
be determined from the foraula 

Pim cE (hy +h) Vink a 

Let us examine as an example the strictly convex hull of 

rotation, reinforced by the rigid cell/felements, which go along 


parallels and meridians of surface (Fig. 6). 
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F - section of shell, limited by the supporting cell/elements, 2a and 
2b - size/dimensions of section on parallel and meridian 
respectively. Since the size/dimensions of the region of bulge 
according to main directions at the height/altitude of bulge 2h are 
equal to 
2h Sth 

V= ana ee ae 

that maximum deformation 2h; of section F is determined smaller of 


two values 
ka? and kyb?, 


where k, - normal surface curvature in the direction of parallel, but 
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kp ~- normal curvature on meridian, i.e., 
2h, = min (k,a?, kyb?}. 
Substituting value 2h, in foraula for p, we will obtain the lover 
critical pressure 
P => cE (k, + k,) Vik em 

In connection with the experimental check of the obtained result 
about the value of lower critical load, let us examine the 
supercritical deformaticns of the rigidly attached on edge spherical 
segment. If the radius ot curvature of segment is equal to R, then 
the received by it pressure p with bulge on height/altitude 2h is 
determined from the foraula 

p= se (4) VE 
At the height/altitude of segment dog for the gmaxiaum geometrically 
permissible deformation 2h, we have 
2h = 2hy. 
Therefore lower critical pressure for a spherical segment is equal 
p= act (2) Vay 
If we into this formula introduce instead of height/altitude hy a 
radius of the basis/base of the segnent 
r=V 24k, 

then it takes the fora 


mney VE. 
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Let us explain now the region of the applicability of the 
obtained results to the real shells, which possess the limited 
elasticity. Our basic assumption in the examination of supercritical 
deformations consisted in the fact that a change in the form of shell 
during such deformations is very considerable. Virtually this means 
that the size/dimensions of the region of bulge are of the order of 
the size/dimensions of an entire shell. In view of the limited 
elasticity of the material of shell, its elastic deformations are 
naturally limited, and this limits the size/dimensions of shells, to 
which the obtained results are used. In order to give to these 
limitations concrete/specific/actual form, let us examine for an 


example the spherical shell in the form of segment. 


The maximum voltage/stresses in the material of shell (on the 
boundary of bulge) during deformation 2h are equal (page 49) 
o =c’E (2h)" 8" $ ‘ 
If the time/temporary strength of aaterials of shell is designated 
o,, then the region of its elastic deformgations is limited to the 
condition 
c’E (2h) on <0, 
or, by introducing instead of 2h a radius of the circle of bulge p on 
the forsula 


al 
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we will obtain 
ERY <0 


5c te VF 


In order deformation to consider considerable, it is necessary that p 


Hence it follows that 


would be of the order of a radius of the basis/base of segment r. 
Thus, our the order of a radius of the basis/base of segment r. Thus, 


our examinations are related to such spherical shells whose values 
r 0 
and eV 

have one order. 

Page 57. 


During the usual relationship/ratios between values o E, 6 and R 


this it means that the shells aust be very flat. 


To an even more rigorous condition is limited the 
application/use of a formula for a lower critical load. 
Specifically,, since lower critical load corresponds to the maximus 


geometrically permissible deformation, the corresponding condition 
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for spherical shells is reduced to the fact that 
r o, y 
RStEV E 
Lower critical load for flat spherical segments was subjected to 
experimental study. The corresponding experiment consisted of 


following. 


Inside massive cylindrical container 1 (Fig. 7), closed from 
above by tested spherical sheil 2, with the aid of micrometer gauge 
was supplied piston with 3. In this case, in the liquid, which fills 
container, built up the pressure, which was recorded by the specific 
equipment/device. After achieving critical value, pressure began to 
be decreased and it descended to certain minimus, after which again 
it increased. Maximum pressure answers the torgue/soment of icss of 
stability of shell and is upper critical pressure. But the minimua of 


pressure corresponds to lower critical load, as we it determined. 


Let us note some desiga features of experisental installation 
and work on it. First of all, we attempted to avoid the sharp 
“cotton/knock", by whick is usually accompanied the loss of stability 
of shell in the experiments of this type. In connection with this all 
elastic elements of construction/design were made “maximally rigid". 
For this very reason as tne sediua, which fills container and which 
communicates pressure on shell, was undertaken liquid, but container 


itself was carried out sufficiently to massive ones, with thick 
wal\\s. 
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Pressure was recorded with the aid of very sensitive strain gauge by 
4, fastened/strengthened to surtace container. As a result of all 
measures indicated the pressure as a result of “cotton/knock" did not 
descend to the minimum and it reached this minimum only with further 
movement of piston inside contaiaer. This is important for the shells 
with the limited elasticity, which after energetic “cotton/knock" can 


show even negative lower critical pressure. 


Tested segment was stopped up between two steel rings of which 
it lower rested on rubber packing by 5, but it was upper pressed by 
flange. The conditions of the jamming of segment for edge, close to 
ideal ones, were provided by the grinding of rings over the 
appropriate spherical surfaces and by the uniformity of pressure 


rings because of the elasticity of packing 5. 
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Four strain gauges 4, arrange/located on the lateral surface of 
container, two in circusference, and two others in axial direction - 
were connected in the usual way into bridge circuit which was 
connected to supply of power and galvanometer,. Readings of 


galvanometer preliminarily were calibrated. 


Testing underwent the copper spherical segments, obtained by 
metal spraying in vacuua. The radius of curvature of segments R=80 
ma, and thickness 6 vary within the range of 0.03 to 0.09 mm. The 
bore of the rings 2r, which clamp tested segments, was equal to 2r=16 


by mm. 


Figure 8 broken Lines depicts the dependence of lower critical 
pressure p, given by the foraula 
p= sce () / , 
on the thickness of sheli 6. The module/sodulus of elasticity E is 
accepted equal to 1.1¢10® kg/cm4, the constant c=0.19, but & and c 
have values indicated above. The isolated points, noted by circles, 


give the values of lower critical pressure, obtained in experiment. 
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We see that for all values 6 theoretical value )p is lower than 
the experimental. And this is understandable. Really/actually, during 
the derivation of formula for p, we considered that during the 
deformation, corresponding to iower critical pressure, a radius of 
the circle of bulge p was equal to a radius of the basis/base of 
segment r. In actuality always 

p<r. 
Therefore for obtaining the true value of lower critical pressure, it 
is necessary into formula for p, to substitute for r somewhat 


smaller value. To what extent it is smaller, we now will explain. 


Figure 9 depicts the section/cut of spherical shell during 
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supercritical deformation. The received by shell load p and 
deformation (p) are connected by relationship/ratio (page 56) 
poset (a) VE 
where p - a radius of the circle of bulge. A - point on the boundary 
of bulge, B - the nearest to A point at which radial displacement u, 
caused by the deformation in question, is equal to zero. If at point 
B there was v*=0, then along parallel yp. passing through point B, 
would be realized the conditiavoa of rigid attachswent. The formula 
p=3cE (4) = (*) 
would give the walue of lower critical pressure for the segment, 
limited by parallel ,,, under the condition of rigid attachment along 
this parallel. However, at point B, condition v*=0 is not satisfied. 
Therefore formula (*) gives the critical pressure, which corresponds 
only to elastic attachment ot sheli along parallel y, (@lasticity in 
the rotation of tangential planes). If the segnent, Limited by 
parallel y,. is identified with subject, then corresponding to it 
pressure p,. determined cn formula (*), still will be less than the 
true, but already it is much nearer to it. Let us calculate this 


refined value p,. 


—.. 
Fig, q. 
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p - radius of the parallei, passing through point A, andr - 
radius of the parallel, passing through B. Let us assume 
Ap=r—p. 
If we pass to dimensionless quantities as this was done in §1, p. 2, 
then nondimensional distance Ap between points A and B will be the 


first different from zero roots of the equation 
u(s) =0, 


where u(s) - the function, which realizes the minimum of functional J 
(§1, p. 2). Taking into account the explicit expression of the 


function 


u (8) =— 3V2 (we: $- 9) +- @ e (5-9) 


and of the value o~!,25, =I +d, ae 5 


we find s - wae 
Ap 0+ oy = 36. 


In value DDe it is possible to find value Ap, since they are 
connected by the relationship/catio 


pee 8 
ong: S=e- 
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Hence 


Substituting here a~p/R, we find 


dp= 2, VOR~ 1.3 VIR, 
p=r—Ap=r—1,3 Vor. 


Thus, for a lower critical value p, occurs the following 


refined formula: : 


ace (%) VOR 
P= 13 
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The graphic representation of this dependence Fig. 8 depicts by solid 
line. We see that the retined value p, lower than is as before the 


true, but it is considerably nearer to it. 


The conducted investigation of the supercritical deformations of 
strictly convex hulls under external pressure Can be summed up as 


follows: 
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1. During the supercritical deformation flat rigidly convex 
hull, rigidly attached on edye, the received by it load p (external 
pressure) depending on sagging 2h an the center of bulge is 
determined from the formula 

p= FZ cE hy +k) Ve 

2. Lower critical load p;, i.e., the smallest received by shell 
load, is determined by the maximum geometrically permissible 
deformation 2h, from the foraula 

p= cB y+) Vi 
Determined by this formula value p, is lower than the true, but 


it is close to it)!. 


FOOTNOTE 1. It goes without saying, when deformation 2h approaches 
geometrically permissibie 2, begins to manifest itself the 
attachment of edge. So that the obtained formula, strictly speaking, 
gives lower limit for a lower critical load. Given by formula value 
of lower critical load is more precise, the less the ratio/relation 


6/2h,. ENDPOOTNOTE. 


For spherical segments occurs the refined formula of lower critical 
load. Specifically,, 
BcE (z) VIR 
Pim ire 
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3. All enumerated results are used for the real shells, which 
possess the limited elasticity, only with them sufficient on the 
plane. In particular, the application/use of a formula for lower 


critical pressure in the case of spherical segments assumes made the 


r 6 
RSV E 


condition 
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Examining a question concerning lower critical Load for 
common/general/total strictiy convex hulls, we assumed their 
sufficient flatness. The conditioa of flatness consisted in the fact 
that on the region of bulge the tangential planes of median surface 
of shell formed small angles, and normal curvatures differed little 
from some average/mean values. This made it possible to solve task in 
the closed form for the shells of arbitrary form. However, in each 
specific case method which we used makes it possible to solve 
problem, also, with more common/general/total propositions when, in 
particular, the second condition, which relates to normal curvatures, 


can and not be fulfilled. As an example let us find external lower 
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critical pressure for the ellipsoidal bottom of cylindrical 


reservoir. 


We will assume that the supercritical deformation of bottona 
possesses axial symmetry as initial form. The strain energy of bottom 
is equal to 

U = 2ncEb"a''p"*, 
where 6 - the thickness of bottom, p - a radius of the region of 
bulge, a - an angle between the piane curved, that limits the region 
of bulge, and by the tangential planes of surface, E - a 


module/modulus of elasticity, and the constantc~0.19. 


The produced by the external pressure p work by the bulge of 
bottom is equal to 
A= pV, 
where V - a change in the volume of reservoir during the deformation 


of botton. 


Let us characterize the bulge of bottom the parameter p. Then 
the condition of the elastic equilabrium of bottom with bulge will be 
d 
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Assuming sufficient flatness of the region of bulge, let us have 
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where k - curvature of bottom in initial form according to radial 
section. Hence dU "hh tro (eg P 

Jo eee a ’p (5£e+1). 

Let us designate through o the height/altitude of the mirror 


reflected segment. Then 


dA dV dh dV 


ado Pah dp’ dk 
Thus, 


Substituting the obtained values dU/dp and dA/dp in the equation 
of equilibrium, we obtain communication/connection between the 
received pressure p and the deformation of the botton: 

p= 5eE(—) "a" (sfe+ 1). 

Let us introduce instead of p the parameter &=p/R, where R - a 

radius of the basis/base of bottom. Depending on this parameter of 


value a and k, they are expressed on the foraulas 
ag pk: 1 


peters 9 IE TE ae ears 
(i — §%)'4 RaQ — §) a 
where ¥ - ratio of the height/altitude of bottom to a radius of 


a=x~tga= 


basis/base, i.e., the ratio/relation to the semiminor axis of 
ellipsoid to semimajor axis. Substituting the obtained values a and k 
in dependence on € into formula for p, we will obtain 

p=SE(%) 20@, 


ry eae} ] 5 
© spree 4 er dul 
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Lower critical pressure p, it answers the smallest walue 6. It 
is obtained with~~0.5 and it is equal ~18.8. Hence, taking into 
account value the constantc~0.19, we obtain the following formula 
for the lower critical pressure 

p,=18E (4) 0%. 
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In the course of our conclusion/derivation, we previously 
assumed that a is small. Let us show that this assumption is 


fulfilled, if is sufficiently smail A. Really/actually 


Ag 
“=U 
With &=0.5 
a~0,5A, 
and, therefore, a is small together with A. It is possible to count 
that the condition of smallaess a is satisfied, if \<0.5. 
4. Elasto-plastic supercritical deformations. Supercritical 


deformation, being it is connected with considerable changes in 


exterior form of shell, leads to tae very large voltage/stresses in 
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the material of shell, in pacticular on the boundary of the region of 
bulge. Therefore the real suelis, which possess the limited 
elasticity, as a rule, experience/test in this case elasto-plastic 
deformation, In connection with this is of unconditional interest the 
investigation of a question concerning how occur/flow/lasts the 


supercritical deformation of shells with the limited elasticity. 


Let us assume the supercritical deformation of shell is so 
considerable that the voltage/stresses from curvature on the boundary 
of bulge cause plastic deformations. Let us calculate energy of the 
elastoplastic deformation of the cell/element of shell on the 


boundary of bulge. 


We will assume that the material of shell has classical 
constitution diagram. This means tnat the relative deformation 
(elongation - compression) e and its calling voltage/stresses « are 
connected by the dependence, presented in Pig. 10. Thus, when |e|<e, 

deformation is elastic, and the corresponding to it 


voltage/stresses « in material are determined from the formula 


o=eE. 
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Fig. 10. 
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Deformation « when |e|>e, is plastic. In the plastic flow area of 
voltage/stress in material, they remain the constants, equal to oa, 


with elongation and (-—~<,) during compression. 


Let the cell/element of shell undergo considerable curvature. If 
the change in the curvature of median surface of shell, caused by 
this curvature, is equal to k, then relative tensile strain 
(compression) in the material of shell at a distance of h from median 
surface will be 

e = kh. 
In this case, if k is great so that ee. then the strain energy, 
in reference to unit volume, on this distance will be 
A(h) ~a,kh. 


The strain energy of shell, in reference to the unit of area of 
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median surface, is equal to 
62 
, - 
A=2| A(h)dh=ak=. 
hy 


Let us assume now that tue celil/element of shell 
experience/tests considerable curvature with a change in the 
curvature on k first in one direction, and then in opposite with the 
restoration/reduction of initial torm. Energy of this deformation of 
shell per the unit of area of median surface will be 


,__ Ok? 
A’ = 7: 


Let in the course of the supercritical deformation of shell the 
region of bulge be expanded also at certain torque/moment on its 
boundary appear plastic deformations. Let us calculate energy of 
elasto-plastic deformation in tne external half-neighborhood of the 
conditional fin/edge, which limits the region of bulge. We will 
assume that the plastic deformataons of shell appear only from 
curvature in the plane, perpendicular to fin/edge. The deformation of 


median surface is assumed to be elastic. 


Let us designate through e? the width of the external 


half-neighborhood of fin/edye, encompassed by plastic deformations. 
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Fda ¥ 
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Total energy of deformation U in external half-neighborhood can be 


presented in the form 
U=U' + U", 


where U* - energy of elasto-plastic deformation in immediate 
proximity of fin/edge, U" - eneryy of purely elastic deformation in 


the remaining part of the zone of powerful bending. 


Retaining designations p. 2 of §1, we can write 


Energy of elasto-plastic deformation is equal to 


or 


Om x | greet sé (v' (€)- v’ (0). 


Here the second term considers energy of elasto-plastic deformation 


from bending in the plane, perpendicular to fin/edge, and the first 
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term - strain energy in median surtace, which accompanies this 
bending. Both of formulas yive the strain energy, in reference to the 


unit of the length of fin/edge. 


So as in §1 during the investigation of elastic deformations, 
AM — 
let us introduce together the variables u, }° S new the variables u, 


v,s according to the foraulas 


at a a ot 


In new variables above designations of which the feature lowers, 


let us have 


Or =K | wras+ Ae (o@) + 1), 


0 


where e7 and e - new integration limits. 
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Under the same assumptions that and in §1, integration limit 


e can be taken as equal to *. If we in this case ¢° for simplicity 


e 


of recording designate «, then total energy U of elasto-plastic 
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deformation in external half-neigaborhood of rib it is possible to 


write then: 


° ad*o, 


U=K | (0+ u')ds + 7° (v(0)+ 1), 


v 


where 8(s)=0 with s¢€e, #(s)=1 with S>do, 
Pes 
2:12 pe 
The true form which accepts the shell in the external 
half-neighborhood of fin/sedge - the boundary of bulge -~- it is 
determined from the condition of the minimum of functional U. Let us 


examine the task of the minigwum of this functional. 


On the basis of the demonstrative representations of the 
character of the deformation of shell in the external 
half-neighborhood of finsvedge, let us assume that the plastic flow 
area from bending encompasses section AB (Fig. 11). Point B is 
determined by that condition that the tangent in it is parallel to 
external semi-tangent in fin/edge. Analytically the position of point 


B is determined by the condition 


V(¢e) =0. 


Under this assumption relative to the zone plastic deformations for 
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strain energy U let us have 


T=K | (007+ u2)ds + SE, 
’ 4 


0 


Just as in the case of uniimitedly elastic shells (§1), it will 


consider that v'=const with s<e. 
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_A 
8 


Fig. 11. 
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Further, asSuming by t by comparatively small with s>oe, let us 
drop/fomit term v?/2 in the differential linkage of functions u, ¥ 
w’+0+5=0. 
Record/fixing o, let us find the minimums of functional U and 


av 
functions u, Ne which it realaze. 


Since v'=const with s¢e, and 


v(0)=—I, v(o)=90, 
that with s<o 


s—¢o 


uv (s)= 


Knowing v(s) with s€e, we find u(s), utilizing 
communication/connection between these functions 
u’ +o+5 =0. 
Taking into account, that u(0)=0, we obtain the following expression 


for u(s) with s<e: , , ‘ 
u=— x (s—oP—gyrl(s—oP+sz. 
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BS 
For determining the functions u(s) and v(s) with 3 oe we minimize 


the functional 


fo + u)ds 


in the nonholonomic constraint between the varied functions 
u’tv=0. 
The solution of this task in no way differs from that given in §1, 


and it gives the following expressions for functions u and & with 


S>o: 
4>—— av (we ‘s—O) 4 @,e% (s-9)), 
i wee (9,2 (5-9) 4 (oem (5-9), 
where Et I+4 1 (i= 
oO, = = > = —= (— 1— 4). 
lake 2 ¥2 
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After substituting the obtained values of functions u, v into 
the expression of functional Ue we will obtain its value depending on 
the parameter a 


Dio K (5 + (a + re) + - 


Further we must minimize expression U(e) on o. However, we see 
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that U(o) monotonically decreases with o»0. This means that the 
examine/considered by us task of regular solution does not have, 


Since with «70 in cut (0, e) 


The physical sense of the obtained result lies in the fact that 
the appearance of plastic deformations on the boundary of bulge 
conducts k against the tormation ot an actual fin/edge on the surface 
of shell (k21/e-*). Not difficuit to explain the mechanism of the 
formation of fin/edge demonstrative reasons. Actually, the elastic 
state of shell before the appearance of plastic deformations is 
determined in essence by bending in the plane, perpendicular to 
fin/fedge, and accompanying this pending by the elongation of median 
surface in outer zone and by compression in internal (Fig. 12). If at 
point C on fin/fedge appear plastic deformations, then the flexural 
rigidity of shell is decreased. la this case, the elongation of 
median surface in outer zone and compression in internal increase 
bending strain in C. This leads to further weakening of shell on 
bending. As a result the shell takes the form with very large, 
theoretically infinite curvature in the direction, perpendicular to 


fin/edge. 
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Pig. 12. 
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The appearance of plastic detormations on the boundary of bulge 
stops supercritical deformation. Really/actually, supercritical 
deformation is accompanied py a change in the region of bulge, and 
therefore by the displacement/moveaent of the fin/edge, which limits 
this region. If at the particular point of fin/edge appear plastic 
deformations from bending, then curvature k of surface in the 
direction, perpendicular to fin/edge, becomes very large (in our 
examination infinite). The displacement/movement of fin/edge is 
connected with the bending of shell first in one direction to 
curvature k, and then wath the pending in the opposite direction, 
which virtually reduces initial form. The energy per the unit surface 
area of shell, connected with this deformation, is equal to 

a Set 


Therefore the displacement of the cell/felement of fin/edge Aj to 
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value As requires the execution of the work 

o ks? 

os ay AlAs. 
This work must fulfill the effective on shell load. But load is 
final, and value k is very great (is infinitely great). Consequently, 
As=0, i.e., the appearance of plastic deformations stops 


supercritical deformation. 


Now we can formulate principle A in connection with limited 


elastic ones shell. 


Limitedly elastic shell allow/assumes only such supercritical 
deformations, determined by principle A with which the 
voltage/stresses « on the boundary of the bulges, determined on 


forgula 1 va) 
(§ ) o=cE ee, 
e 


do not exceed time/temporary resistances o, (we consider that the 


tensile strength is elastic limit). 
Let us use the obtained result for the investigation of the 
supercritical deformations of strictly convex hulls under external 


pressure. 
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Under the assumptions p. 3, smallest received by shell load p, 
during transcritical deformation is determined by the maxiaus 
permissible deformation and as calculated from the formula 

P, = 5 cE (ky + hy) Vik 
In the case of unlimitedly elastic shells, maximum deformation 2h, is 
determined by the geometric dimensions of shell. In the case 
limitedly elastic shells, mwaximua@ deformation can be determined by 
the condition for appearance on the boundary of the bulge of plastic 
deformations, i.e., by condition (page 56) 

c'E V 2h" V kk, =9,. (*) 
Determining hence 2h, and substituting it in formula for DP,» we will 


obtain lower critical load for iimiting the elastic shells 


p= sec" (=) (ky + hy) ky R,ES*, 
é 

The application/use of this foraula logically assumes that the 

deformation, determined by condition (*), is geometrically 


permissible. 


In the case of the spherical shell of radius R, the formula for 
a lower critical load takes the tora 
(([E\p(6\3 
== 3¢c’ |= 
My cc (s-)£(z) ‘ 
§3 about the stability of the supercritical axially symmetric 


deformations of spherical shell with axially symmetric loading. 


In § 1 in the examination of the supercritical deformations of 
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the flat strictly convex hulls, ciyidly attached on edge, it is shown 
that such deformations in pasic approach/approximation are reduced to 
mirror bulge. The establishment of this fact substantially rests on 
two assumptions: 1) the deformation of shell must be considerable and 
2) the attachment of the edge ot shell is sufficiently rigid. With 
the disturbance/breakdown at least of one of these conditions, we are 
right to expect another result. Of this, us convince data of the 


corresponding experiments. 
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The supercritical deformation of spherical shell with the bulge of 
the region of small size/dimeusions, and also with the insufficient 
rigidity of the attachment ot edge can not possess axial symmetry, 
although the shell and the method of its loading are axially 
symmetric. The region of bulge treguently has a form of triangle or 
quadrangle with the rounded off apex/vertexes. In connection with 
this in present paragraph we want to investigate a question 
concerning the stability of the axially symmetric supercritical 
deformations of spherical shell with an axisymmetrical load. Will be 
examined two load cases of the shell: by uniform external pressure 
and concentrated force. in the latter case the results of theoretical 
examination will be compared with the data of the corresponding 


experiment. 
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1. Bending of spherical segaent. Equations of bending. F - flat 
spherical segment with sinyle curvature and radius of basis/base 
Pa<<1. Let us introduce the Cartesian coordinates X, Ye Z after 
accepting tangential plane in the apex/vertex of segment for plane 
xy, and internal standard - as the positive semi-axis z. In these 
coordinates the segment is assigned by the equation 

x?+4 y?+ 27—2z=0. 

Let us designate through y the curve on the surface of segment, 

which for plane yw is design/projected into the curve, assigned in 


polar coordinates r, 8 with the equation 

r=p(l + Acos k®), 

PK MP AK. 

Curve y divide/marks off the surface of segment into two regions: 
internal - PF", limited by curve y, and external - F*. Let us examine 
the task of the bending of segment with the extrusion of region F" 
Te the /nsice 
vretyp, the formation of the tin/fedge of lengthwise curved y and by 
the preservation/retention/maintaining of edge in initial plane (Fig. 


13). Is proposed the following method of solving the task. 


For each of the surfaces F* and F" we will construct the 
independent bending. Such bending are possible and besides with large 


arbitrariness. 
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By this arbitrariness we will be ordered so that the curved, limiting 
ranges F* and F", would prove to be combined. As a result, we will 
obtain surface with finyedge lengthwise y, iscmetric to initial 


segment. Let us examine the bending of surfaces F* and F", 


r - vector of point of one of the surfaces, for example, F*, and 
y - displacement vector of this point with the bending of surface. 
Since the linear cell/element of surface with bending does not 
change, then must occur the eyguality 

dr? =(dr + dtp. 
Hence for a vector function r, is obtained the equation 
dr dt +- Fd =0. 

Curve y on the surface of segment, that converts into fin/edge 
with bending, depends on the parameter \. The parameter is low, and 
therefore it is advisable to decompose/expand vector function r 
according to the degrees of this parameter 

*=At, +A, + ..- 


We set/assume ro equal to zero, since with A=0 the task of bending 
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has trivial solution with the mirror reflection of segment F*" 
relative to plane curved y. In this field r on surface F*, it is 


equal to zero identically. 


Substituting expansion/decomposition r according to degrees A in 
the equation of bending, we will obtain for vector functions ry, To, 


--. infinite system of equations 
drdz,=0, 


Vector fields ry, ra, ... are called the bending fields of the first, 


second and so forth of orders. 


Let us introduce in space the standardized/normalized 
cylindrical coordinates u, », z. For the arbitrary point A, they have 
the following values: p#z ~ with an accuracy to the sign of the 
distance of point A from plane xy, pu - distance to point A from 
fraxis, ee the angle, tormed by the plane s, passing through Z-axis 


and point A, with plane xz. 
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This standardization of coordinates is convenient in the examination 


of the task of bending in the case of the low region F", 
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With each point A of space, we will relate the movable trihedron 
of three single mutually perpendicular vectors e,;, @€2g, ey (Fig. 14). 
Vector ey, is directed along the axis z to side z>0, vector e, 
lie/rests at plane « and is directed from -axis, while vector e, is 
perpendicular this plane. It is obvious, vector e, does not depend on 
point A, but vectors €,, @2 depend only on coordinate vw of this 


plane. In this case, it is possible to count that vector e, is 


directed so that 


de, __ 
ite 3 
Then, obviously, 
de, _ —eé 
dv 1 


Let us examine the case of the low regions F", i.e., the case of 
trea low values of the parameter p. In this case, it is expedient to 
standardize the coordinates of displacement vector r with the aid of 
the parameter p. Specifically,, the components of vector r relative 


to basis ey, C2, @y are convenicatly presented in the following fora: 


p% 9. p%. 
Equation of the bending 
drdr+ “=o 


of the equivalently to the system three equations 
7 
rity t+ > =9, 


Paty +P er, —- t,%, = 0, (*) 
2 
Poy = =0. 


Doc = 78221903 race 199 


e3 
e2 
e; 
Nise 
Pig. 14. 
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If we into the first equation of this system substitute vectors 


rand +r, decomposed in basis @4, @g, @3,- precisely, 
=pue, + p?ze;, 
c= pte, + ne, + eRe; 
and we will use the formulae of differentiation for the vectors of 


the basis 


de de. 
jo er GEO ee 


then we will obtain 
Beh, tet SR + nf). 
With small p last/latter tera/component /addend in this equation can 
be reject/thrown. Furthermore, trom the equation of the segment 
pez = 1— Vi— peu? 


with small p is obtained 
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As a result the equation for £, n, ¢ at low values p can be 
presented in the form 1 
Lt e+ 7h =. 

It is analogous, of otuaer two equations of bending after the 
substitution of values r and, r at the low values of the parameter p 
is obtained a(n, +t) +50 =0. 

te— n+ w+ un, + Oh, = 0. 
In the examination of the bending of surface F* us must solve 
system of equations (*) for fuactions §.¢ in the region 
! +hcosko<u< 
under the boundary condition 
Po 
¢( St) =o. 
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However, in view of the predicted smallness of the parameter p, we 
will search for solution in the region, determined only by first 
inequality, and boundary condition let us relate to infinity, i.e., 


let us consider that ¢€(u)70 with uve, 


Analogous examinations can be conducted for the bending of 
another part of the segment - F™. In this case, is obtained in 
accuracy/precision the same system of equations for functions €, n. ¢ 
But its solution must be exagined on the remaining part of the plane, 


i.e., in the region 
u<l+Acoskv. 
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In order for the surfaces obtained by bending regions F* and F*", 
was comprised the surface, the isometric segment with fin/edge 
lengthwise y, is necessary that tne corresponding displacement r* and 
yr" in the regions indicated on their overall boundary 

u=I+Acoskv 
would satisfy the conditions 
v=, v=, +0 +a? =0. 
During the execution of these conditions, the edge of the surface 
FP". obtained by bending trom Ff", atter mirror reflection in plane xy 
will be combined with edge of surface fF’. obtained by bending fros 
F*, and is formed the interesting us the surface with fin/edge, 


isometric to segment, 


Subsequently conditions indicated above for solutions of r* and 


ry" for curve u=1#dk cos kv will be called the conditions of coupling. 


2. Solution of equations of bending. The ccmmon/general/total 
plan/layout of the solution of the task of the bending of segment 
will consist of following. First of all, we note that S=-t. This 
directly escape/ensues from tae coadition of the coupling 

+0" + a? = 0. 


As far as components are concerned two others { and %. without 
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limiting generality, them it is possible to take as equal to zero. 


This can always be achieved by motion, parallel to plane xy. 
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Further, we will deterawine the bending first-order fields r'‘,, 
r" , for surfaces F*, F", and by tae arbitrariness which in this case 
is obtained, we will be ordered that so that the conditions of 
coupling would be satisfied with an accuracy to the values of order 
dh. Then we determine the bending fields of the second order, 
satisfying the conditions ot coupling with an accuracy to A#, and so 


forth. 


The bending fields of the first order satisfy the system of 


equations 
&, + a, =0, 
; Ne +E =0, 
t— n+ at, + ay, = 9. 


If we from these three equations exclude functions € and », then for 
¢ is obtained the equation 


kee + (ut,), =0. 


It is the equation of Laplace in polar coordinates uz, v 


Let us search for the solution of equation for ¢ in the form of 
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trigonometric series. In this case, in view of the symmetry of the 
expected solution, it is possible to count that in this 
expansion/decomposition are present only the terms, which contain the 
cosines of arcs, multiple kv. Taus, 

C= Sc, (u)cosav, 
where n accepts only integral muitiple k of value. The general 
solution for ¢ in this torm takes the form 

t= >, (3 + by") cos nv. 

In the case of the bending of surface F*, it is necessary to 
assume a g=0 and $,=0, Since ¢?0 with w->oco. Thus, for component ¢ of 
the bending field r* of surface F*' is obtained the expression 

t= y mad cos nv, 
where the addition begins with n>O and goes over by the whole n, by 


multiple k. 
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According to the considerations of convenience, we will give ¢ the 
following form: 


c= Yc a, 2—! did ; 


Having ¢, it is not difficult to find from the equations of 
bending two other components € and » It is obtained 
cos nv st 
t= 0, n= Yi (—2) 


Integration constant are accepted equal to zero due to the predicted 
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In the case of the bending field +’ surface F" in the 


1 
expression 

t= b> (<5 + bait") cos nv 
it is necessary to place equai to zero constants 2, since ¢ must be 
limited in zero (with u=0). The absolute term of expansion by also it 
is possible to consider it eyual to zero, since it corresponds to the 
simple shift of surface as whole, and this shift is taken into 
account especially. Just as for surface F*, according to the 
considerations of convenience, ¢ for surface of F" we represent in 
the form 

t=Yr b,) Att yt cos nv. 
With the aid of the system of equations of bending and obtained 
expression for ¢, we find € and 4 
, §= ¥)b,u"*! cos no, n= ¥(—2,) = sinnv. 


Let us find now the solutions, which satisfy the conditions of 


coupling with an accuracy to the values of order A. The conditions of 


coupling can be written in the fora 


AE, + O (A) = AEI + O(A%), 
An; + O (2.2) = Ani + O(A%), 
Mit AE +0) + 1+ 2A cos kv + O(A2) = 0. 


(C%—7 -1)- 
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Isolating in these equalities the terms, which are of the order Aj, 


will obtain 
= a,cosnu = = 6, COS nv, 


7 Ni 
3 ( — *\ sinny = Y (=) sine, 


Yay cosnv-+ ¥)(—6,| da cosnu+.2cosku=0. 


n n 


From the first two equalities it follows that 


n= by. 


From the third equation is obtained with n>k 


and at n=k 


We hence consist that with n>k all a, and /, are equal to zero, 


n 


with n=k they are determined trom the system 


a) k+l 


a,=b,. — a, k —b, k 


+2=0. 
Solution of this system following: 
a,=b,=1. 
In such a way as to satisfy the condition of coupling with an 
accuracy to the values of order A, it is necessary to take the 


bending first-order fields in the following form. 


we 


but 
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For surface F*; 


For surface of F™: 
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Let us 


satisfy the 


This system 


its general 


R+t 
§, =a* +! cos kv, m= —~Zsinkv, {i =- k a® cosky. 


turn now to the bending fields of second order. They 


system 
bet wt + 5H, =0. 
um +h+5 7 =, 
E— nt a, t+ an, + obi, = 9. 


is heterogeneous relative to the unknown functions, and 


solution is obtained by the addition of any of particular 


solution and general solution of the corresponding uniform systen. 


The latter is system of equations tor the which bends fields first 


order. 


By the 


additions of the bending fields of first order when 


obtaining general solutions for the bending fields of the second 


order we will be ordered so as to satisfy the conditions of coupling 


with an accuracy to the values of order A?. It proves to be, these 
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additions by the condition iadicated are determined unambiguously. 


Lowering the appropriate unpacking/facings, let us give 
expressions for the components ot displacement rv with an accuracy to 


second-order quantities in the parameter i. 


For surface F*: 


Acoskv 42 (k—- 1)? 


—— uk-! 4y2k+! FH sees 

— _ Asinkv 

a eat cere 

mas k—Il1 coskv 2 (k —1)? 
t=—) a a ager 


k 


For surface of F": 


= Aut! coskv — A (hk +1pPa%-14 ..., 


Rei 


ada sinku+ ..., 
p= —1— nF atcosko +4 (hip ae2—2 + .., 


Here are not everywhere extracted the members of the form 


WA cos2kv, A*Bsin2kv. 
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They although are of the order A#, in our further examinations they 


are unessential. 


3. Determination of some values for surface, obtained by bending 
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of spherical segment. In pw. 2, we found expressions for the 
components of the displacement vector r of the point of spherical 
segment with its bending. Theirc values are obtained with an accuracy 
to the values of order A#. Us subsequently, they will interest some 
integral expressions of the fora 

J=[foe. 7. % -.- dad, 
where the integration for %, is tulfilled within the limits of 0.2. 
It is obvious, if we take r with an accuracy to the values of order 


a2, then with the same accuracy/precision we will obtain value J. 


It proves to be, if we in expression r drop/omit the members of 

the foram 
22 cos2ku, 27 sin2kv, 
then with an accuracy to the values of order A? is obtained the same 
value J. Really/actually, connected with this process/operation 
change in the integrand will take the fors 
22C’ cos 2kv + 72C" sin 2kv + O(2), 
Ae 

where C* and C" they do not depend cast But during the integration 
of this expression is obtained the value of order \A3. For this very 
reason at the end of the preceding/previous point/item we gave the 


simplified expression for functions €, ».:. after drop/omitting in 


them the members of order A, having the foram 


22Acos2kv, i2Bsin2kv. 
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Let us designate through F’ and fF” the parts of the isometric 
to the segment of the surfaces, which correspond on isometry to 
regions F* and F", Let us find the equations of these surfaces. So as 
the standardized/normalized compoments of the shift of point with the 
bending of segment are egual to & ».¢, that true shift will be 

PE. pn. p%. 
Therefore the equation of surface fF’ can be written thus: 
r =e, (pu + pt’) + e,(9°') + e, (= + pr’ | ; 


u>1+Acoskv. 
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Respectively the equation of surface Ff” will be 
= €; (ou + 6%") + €, (0°n")-- e, (5+ po"), 
u<1+Acos kv. 
In view of the fact that we assume the parameter p sufficient to 


small ones, the members ot order p43 in the equations of surfaces it 
is possible to drop/omit. Then we obtain: for a surface F’ 
r=e, (ou) + 0,(25° + 0%’), 
for a surface F” 
r=, (pu) -- e (+ e%"). 

Surfaces F’ and ?”, forming isometric to segment surface, are 
divided by fin/edge y. Let us determine angle a with this fin/edge 
between F* and F". Por this, let us first find the unit vectors of 


standards n* and n" surtaces along fin/edge. 


We have restr, 
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In view of the fact that the surface F is obtained by the 
isometric conversion of segment F, the denominators of these foraulas 
at the points of fin/edge 7 nave the same value, as for a segment. A 
for it with small ones p 

[T,X Tol ~ pa. 
Let us calculate derivatives of a vector r* according to u and 


v. We have 


r,=ept ep? (u+6,), 
rr, =epu + ep%. 


Hence, determining vector multiplication by the equalities 
CXC, =0y Cp X Cy= ey, 03K C= ey, 
we will obtain 


r, X 7, =e, (9a) — e,(P%,) — e, (Pu? + pFul,). 


Analogously we find 
ri X 1, = &,(@u) + €, (9X0) + e, (p*u? + putt), 
Thus, 
n' =@;— @, (£ ¢,) —ep(u+t). 


n” =e,+e, (£ tr) + eo(a +f). 
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But now, taking into account, that 
(n’ <n”)? = sin’ a, 


where @ - angle with finvedge y, we find 


smtamer{ (E+E) 4 ute teyp}+ -.-. 


where are not extracted the terms, which are of the order p*. In view 
of smallness p with the same accuracy/precision (p*) we have 


eae {(SEe) + ote tcp} .. 


Let us find the curvature of fin/edge y on surface. It it is 
possible to express by yeodetic curvature k, and angle with 
fin/fedge. In view of the isometry of surfaces F and f geodetic 
curvature k, can be calculated on initial surface. In this case, it 
is obvious that with small p the geodetic curvature ke. with an 
accuracy to the values ot higher order relatively p, is equal to the 
usual curvature of curved not plane, assign/prescribed in polar 
coordinates by the equation 

r=p(l +Acos kv). 
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The latter is calculated from known formula and for it is obtained 


the following expressica:; 
1 +4@+ 4) cos Ao + 1 +34) 


i wo +e. 
(1 + 2h cos kv + = (1 +#)) 


1 
=> 
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Here are not extracted the sewbers of order above A? and the menbers 
of the order \2 of the fora 
wWAcos2kv, A7Bsin 2kv. 
In view of smallness p, a~p, and it is possible to count that 
for curvature k of fin/edge on surface of fF we have 


k=, 


This equality transfer/converts into precise with p?0. 


Let us calculate the cell/element of arc ds along the fin/edge y 

of surface F. Taking into account the isometry of surfaces fF and F, 
with small ones p the cell/feleaent of arc ds along fin/edge y can be 
calculated according to the foraula 

ds=ds,+ ..-. 
where ds, - a cell/element of the arc of curve, assign/prescribed in 
polar coordinates by the equation 

r=p(1+Acos kv), 
and the nonextracted terms have higher order of smallness on p. Thus, 

ds = p[(1 + 2A.cos kv) + Fa tey]tde. 


Subsequently by us will be necessary the mean curvature of 
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surface F. Let us calculate it. On known formula the mean curvature 


H=5 har he il 


where to E, F, G, L, M, &W - coefficients of the first and second 


of surface is equal to 


quadratic shapes of surface. As far as coefficients are concerned of 
the first quadratic form, they the same as on initial surface 


(spherical segment). 
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Consequently, with small p 
E=p, F=0, CG=p*u?. 
Let us find coefficients of L and N of the second quadratic 


form. For a surface F’ 
Fun = &3 (~? - Peuu)s 


o_e= e,(£¢,) —e, (ou + py). 
Hence 
L=r, R= + P%,,- 


Analogously it is obtained 
N = Fog = Prop + pr (a +8,)- 
For a surface Ff” are obtained the same expressions of 


coefficients L and N, only with their function ¢ and opposite sign. 


Substituting the obtained expressions of the coefficients of 


quadratic shapes of surtace in tora@ula for a mean curvature, we find: 
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for a surface Ff’ 
Hoty (w(t ou) t het a(u +%,)}: 
for a surface F” 
Ha — sir (ut(L +01.) HO + (ut Oh) 
In conclusion let us note also that the Gaussian surface 
curvature F is equal to the Gaussian curvature of initial surface, 


therefore, it is constant and egual to unity. 


4, Strain energy of shell. For the strain energy of shell in §1 


we obtained the following formula (page 33): 


U= | cE0'*a"*k"* ds, tages fe(- + uth) re 
: y 
ES ‘i ” 9 
+ aa J (ki + Ak} + 2v Ak; Akz) do. 
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Let us designate for brevity tec@/component/addends of the right side 
of this formula through U*, U** and U'** respectively, and let us 


calculate consecutively each of these term/component/addends. 


The values, entering the tormula for U', have calculated we in 
p. 2. It is necessary, however, to keep in mind that the obtained 
there values are related to tae spnere of a single radius. Therefore 
for the shell in question the radius of curvature of which we will 


designate R, linear values must pe increased in R times, 


In p. 3 for an angle a,, formed by the tangential planes of 


surface F along fin/edge ;, owvtaiaed following expression 


, ” 2 
emo {(ETE) + ee res recy. 
Taking into account, that an angle a, entering tera/component/addend 
U‘, two times less a, let us have 


ame {(E tO) (u 4 S48). 
Substituting here 
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u=1+Acoskv, 


A(k—1) cos kv ‘g A? (k — 1)? 
So 4 ae * Race 4u2h+? 


2p? 
v=—l)— ae 1) ut cos kv +Xery yaa 2 4 Wade 


C= 


let us have 

a? =p? (1 +*F+...). 
Here, aS everywhere subsequently in the analogous cases, are not 
extracted the members of order above 2 and the members of the order 
2 of the form 


WA cos2kv, ABsin2kv., 


Let us calculate now 
Vikas. 
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Taking into account the obtained in p. 2 expressions for k and ds, 


let us find 
| 12 (A +2) cos kv + 5 (Be? +1) " 


Vkds = Ve -———_—_r —_~ 
(1 +22 cos ku + —- e+ 1)) 


If we the right side of the equality decompose according to degrees 
h, after drop/omitting the members of order above A? and the 
unessential members of order A*, taen we will obtain 
a A? 2 
Vids=Vol! +F + 1)cos ko + 08 (SE LEE } av. 


For the sphere of radius R&R result must be multiplied on \/R. Thus, for 
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the shell in question we nave 


Vise ViR{1+ 400+ Nsorke +(e) a 


Substituting the value a and Vkds in formula for U', we will 
obtain 
U' = 2ncEO™ Rie {1 +22 (42 — SEEM) 
Let us study now expression U**, In connection with this let us, 


first of all, find normal curvatures k, and k,. 


As is known, normal curvatures are calculated from the formula 


ek L du? + 2M du du+N dv? 
E du? + 2F du dv+G dvi ' 


where E, F, G, L, M, N - coefficients of the first and second 
quadratic shapes of surface. For the examine/considered by us surface 
of F, obtained by the bending of spherical segment, we have 

E=o, F=0, G=p*u’. 
As far as coefficients are concerned of the second quadratic forn, 


rod 
for surface F* will be 


L’ =(1+,,), 


mw =(,—&), 
N’ =p? (&, + 4? + af). 
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7s 
But for surface of F" we have 
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LY = —p (1+ €,,) 


NY = —p?(G, + w+ uti), 


Since curved y in coordinates u, V it is assigned by the 
equation 
u=1+Acoskv, 
its the direction at the arbitrary point u, ” will be 
du:dvu=—dksinkv: |. 
Consequently, perpendicular direction, that is the direction, in 
which are measured normal curvatures *% and &. will be 
du: dv=u?: (ARSin kv). 

Substituting the obtained vaiues of the coefficients of 
quadratic forms and du, dv into formula for normal curvatures &;, %, and 
by holding only essential terms, we will obtain 

k,=14+ 0, +20), — &) Ae sin ko + hone 
hk, =—1—%, — 20), —O) Ae sin ko + dace 
Hence 
Ry +h, = (ia — Sig) + 2k CL, — wo) Sin ko — 
-- 2k (G,—-Sr)sinko+ ... 
All this is related to the segment of single curvature; for the shell 


in question the obtained value &,+k, must be divided into radius R. 
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The cell/element of arc to curve y is equal to 
ds, = Ro (42k? sin? kv + u2)" dv= 
2k? 
=Rplu(1+—4-+ bdo. 
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Taking into account the obtained expressions for a, 


ds,, we find 
fac, + k,) ds, =0. 
Y 
Thus, 
oe E83 1 
U =— I _ ww FB ads,. 
: 


Substituting here expressions a and ds,. we will obtain 


2x Ed3p? ( eo =| 


= — Shaw 


2 


Let us calculate now the expression 


” Ed ' 244 2 » Ak Ak, do. 
U = sits | | CATA ae :) 


In order to simplify unpacking/facings, 


v=0. We have 


ki +k, 


and 


let us count Poisson ratio 


where k, and ky, - principal curvatures of surface ?. Hence per the 


unit surface area, we will obtain 


om = (22K - B+ 4H), 


ow 
where K - Gaussian, and H - mean curvature of surface F. Since with 


the bending of surface its Gaussian curvature does not change, then 


K=>,° 
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Consequently, 

Tee Ed° _A 

u" =P (HW — 2). 

ow 
In p. 3 for mean curvature H of surface F*, we found the 
expression 
e eur bu 
H=14-S4+ 594 a: 
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Since our shell has radius R, then it with Similar bending will have 
the mean curvature : ; : 

node +548) 
The mean curvature of surface re is calculated from the same formula, 


but with its function ¢ and with opposite sign. 


Let uS assume 


Since the element of area of single sphere is equal to p2u du dv, 
then for the shell in question element of area will be 


do = Ru du dv, 


therefore 
ura 2 | | (HH —Z) Repu dado, 


where the integration is fulfilled on the region of the variables u, 
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v, determined by the inequality 
“> 1+A cos ko. 
For convenience in the forthcoming unpacking/facings, we convert 
integrand in U" as follows: 
hap) +H #) 
i? 
For F* we have 


tas A(k—1) cos kv A? (k — 1)? 
nae a Ee” 


Consequently, 


1 42 (k — 1)? , 
Let us assume 


u(v)=1-+Acos kv. 


Page 91. 
Then 
(Ho 1 a Ne” CR inde 
(A — pr) Rept da = Uh 1 (k + 1+ 
uv) 
[ (4) Reda 0+ a0 
uw 
Hence 


| j (4—q)do= wk Pet D+ 


g f zy donot - 
- 


Consequently, with an accucacy to the values of order ? will be 
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£8 
U' = jp Ap? (hk — 1)? (k + 1). 


Value y” is calculated analogously. Por is not obtained the 
following expression: 
m 5 3 
U" = e+e lt + Fh+1%(—k—1)]}. 
Thus, 
U" = EM 124 a2(2k?- 2a + A). 
Summarizing term/component/faddends U', U" and U***', we find the 
following expression for stkaia energy: 
- l, ys.3 a 3 
U= 2ncE8""R%p {a+ at(ae— SEY) + 


aa bs (R38 ~ hk). 


5. Work of externai ioad during deformation of shell. We will 
examine two load cases of the snaell: 1) loading by concentrated force 


f and 2) uniform loading py tue external pressure p. 
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By loading by concentratea torce f, which effects on the 
internal standard of segment in its center, the produced by it work 
is the wound 

A=fh, 
where h - sagging/deflection in tae center of bulge. Taking into 


Cad 
account the equation of surface of PF, obtained in p. 3, we see that 


pmmo(i +28), 
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Consequently, 
A= fRe(i +75). 
In the case of the uniform external pressure p on shell for the 
produced by it work A we aave 
A= pV, 
where V - a change (during deformation) in the volume, limited by 


shell. 


Volume change is egual 
V=f fAzao, 
P 
where Az - sagging/deflection of shell in the direction of Z-axis 
: : ~~ ~~ 
during its deformation into fora of F. on surface F* 
Az =p%’. 
~~ 
On surface Ff® 
Az = — (up? + p%”). 
For computing value V, is coavenient to break it into two parts 
of V' and V**, with respect to the separation of range of integration 


by the curve w=1+Acoskv. Let us calculate value V*. We have 


2x @ 
V af FF hice: 
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Set EES A OS Se Re ER Ee REET ee . —— = 
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Substituting here 
as Het cee 4 OP + = 
we will obtain with an accuracy to the values of order \? the 
following expression for V‘: 
Vi’ = anrgt (AL 4 SO), 
Let us calculate voluge ¥", de have 
2a a (v) 

. oe 

V =) J — pi (u? +O’) adudv. 
Substituting here 

or 1 — EE ut 08 ko + 


12(R+1) open AK? 
+—j— « = 


we will obtain 
k+i 


vr = E+ matt} — I += - errs 
Store/adding up V* and WV", we find V: 
v= 1+ 2h). 
For the shell of radius R this result aust be multiplied by R?%. 
Thus, a change in the lamited by saell volume is equal 
Va Oe I + 27k). 
Consequently, the produced by the external pressure p work is equal 
oe A= OE (1+ RY) p. 
6. On stability of axially symmetric defcrmations of spherical 


shell. Experiment shows that the spherical shell under the action of 


concentrated force experience/tests axially symmetric deformation to 
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the specific torque/momeut. wWaen tne acting force reaches certain 
critical value, the axial symmetry of deformation gradually is lost. 
The region of bulge instead ot the circle takes first the form of 


triangle with the smoothed apex/vertexes, then quadrangle, etc. 
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Analogously is matter, aiso, in the case of uniform loading. The 
considerable deformation, aot troubled by the nearness of edge, 
differs from axially Symmetric and has star structure. We investigate 
the conditions for transition to tae deformations, which do not 
possess axial symmetry, after accepting as initial ones axially 


symmetric deformations. 


Critical axially symmetric detormation is characterized by the 
‘presence of the close forms ot equilibrium, possessing axial 
symmetry. We will search tor taese forms among the isometric 


conversions, constructed ia p. 2. 


According to principle A, the supercritical state of equilibrium 
under this load is determined trom stability condition of the 
functional 


W=U—A 


on many isometric conversions of initial form. In the case 
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in question 
U= aacEd "Rp { 1+ 2? (a? — yer) } + 
+ Ae cet — he), 


With the loading of shell by concentrated force f in the 
center of segment the work 1S equal to 
A=sRoe(i +2). 

For a shell, poised, the parameters p and A, which characterize 

deformation, are determined tcom system of equations 
ZU-A)=0. FU—A)=0. 

With that fix/recorded p this system relative to f and always has 
solution with A=0 (axially symmetric deformation). If p is 
sufficiently small, then thas soiution will be only. This means that 
during small deformation the region of bulge has a form of circle. On 
the contrary, during large deformations (that is with large p) system 
admits solution with #0. [The value p, which demarcates these two 


cases, determines critical axially symmetric deformation. 
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Thus, it is determined by tae conditions 


1 @ 
<u - A)\, 29 =9. Zor YU — Mino =? 


Substituting these equations of expression 0 and A, we will 


obtain 
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6xcEd" Rp’ -- 2fpR =, 
%, p' ’ 2 E 2p? 
QncEO"R'y° (4? — ope) + ee an hha LR = 0. 


Multiplying the first equation on pk?, the second to 4 and deducting 


piecemeal, let us have 


ncEd''R'*p' “eo + 4 PER (1 — k?) =0. 


sate v= 
P= B-TV R° 


Let us designate througa 


Hence 


r=Rp 


a radius of the circle of bulge and will introduce the parameter 


Taking into account the obtained avpove value for p, we find the 


corresponding to it value e: 


__ 3c (k? — 1) 
as aga 


Consequently, during the deformations, which satisfy the condition 
3c (k? — 1 
Veo a 
the bulge of shell in the form of circle is stable with respect to 


the disturbance/perturbations which are determined by parameter k. 


One should, however, note that this conclusion we can draw only 
with respect to the disturbance/perturbations, which correspond to 


the small values of k, siace ye>! with large k. But the 
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determination of strain energy om the boundary of bulge assumes 


sufficient little of the parameter e(¢ < )). 
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Experiment shows that tae loss of stability of the axially 
symmetric form of bulge usuaily Occurs with transition to star form 
with three apex/vertexes (k=3). Therefore we can count the form of 
the bulge of axially symmetric wita 

<i VF. 
For a radius of the circle of bulge r=Rp, we will obtain 
r <+ V Ré. 

Let us find now force f by which the region of bulge begins to 
take the star form with tnree apex/vertexes (k=3). At the moment of 
transition to the star torm of sulge in the state of the equilibriuan 
of shell, the acting force £ with the pacameter of bulge p is 
connected by the relationsaip/ratio 

GacEd"R"?” 2fpR=0. 
We hence find value 
sae. 
When the acting force reaches this value, the region of bulge begins 


to take the star form with three apex/vertexes, 


The obtained result avout the stability of the axially symmetric 
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ones of the deformation ot spherical shell with loading to 
concentrated force was subjected to experimental check. Tested 
spherical segment freely rested on steel ring (Fig. 15). The action 
of concentrated force of P ia tne torm of the load of several steel 
washers was transferred throuya tae vertical rod to the 
experience/tested shell. Sneli was illuminated with the source of 
light S. Ghost image alony paravolic line on the boundary of bulge 


was observed and was photoyraphed. 
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During a gradual increase in load P, was noted the torque/moment when 
begins transition from bulye in tne form of circle to the form of 


"triangle". 


The results of experimentai investigation are represented in 
Fig. 16. Here solid line depicts the obtained above dependence of the 


critical force P on the thickness of the shell 


_ 3283 
P ae arms 


for the copper shells of radius R=80 mm. Isolated points give the 
values of critical force tor the snells of different thickness, above 


which was conducted the experiment. It is evident that the 
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Let uS examine now a question concerning the stability of the 
axially symmetric deformation of spherical shell with loading by the 


uniform external pressure p. 


Just as with the concentcated loading, at the moment of 


transition to the star torm otf bulye are satisfied the conditions 


where 
A= 20k (1+ ak?) p, 
and U has previous value. Substituting under these conditions of 


value U and A, let us have 


6xcE8"*R'*p? — 2np*R* p =0, 
ae 2 
2ncEd'R ip? (k? — cre. rs 


+ SEE (e? — by — SORE oo, 
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AA ale al 
a a a rn 


Pig. 16. 
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We hence find the value p, which corresponds to ultimate strain 
pu 8 V3 
ke eR—-1TV R* 
It is interesting that this value p has accurately the same value, as 


in the case of the concentrated ioading. 


Designating, as betore through r=p/R a radius of the circle of 
bulge, let us have 
radar VB 
Or, taking into account, that the transition to the star form of 
bulge occurs with k=3 (to star form with three apex/vertexes), we 


have 


r=+ VRB. 
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The obtained result about the stability of the axially symmetric 
deformation of spherical shell can be presented in the more 
foreseeable form, if we instead ot radius r of the circle of bulge 


introduce sagging/deflection in center 2h. We have 


Substituting here the critical value of r, determined on the formula 


1 VRS 
eal Rb, 
we will obtain the critical sagyginy/deflection 


2h = 6. 


Hence 


Thus, the supercritical deformation of flat spherical shell 
under the action of concentrated force or uniform external pressure 
is axially symmetric to those pores, while sagging/deflection 2h in 
the center of the region of pvulye satisfies condition to the 
condition 

OB Sam. 
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7. On lower critical Load for flat spherical shell at uniform 
external pressure. In § 2 we obtained the row/series of the formulas, 
relating to the supercriticai deformations of spherical shells. The 
application/use of these tormulas was limited to the row/series of 


the conditions of the very common/yeneral/total and indefinite 
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content, guaranteeing actuaiiy the axial symmetry of the 
supercritical deformations in yuestion. Now, when the” stability 
conditions of the axial symmetry ot deformations we have explained, 
the region of applicability ot the formulas indicated can be 


estimated more to determination. 


For a flat spherical segment with curvature 1/R, radius of 
basis/base r and thickness 6 under the assumption of the unlimited 
elasticity of the material of sheli, was obtained (page 55) the 
following formula for the lower critical load: 

BP, = 3cE (z) x . 
Since during 
r<i VR 
deformation they are knowingly axially symmetric, with such cr 
application/use of the formula indicated must not be limited by any 
conditions, including it is possiobie not to insist also on the 


special rigidity of the attachment of edge. 


Thus, for flat, unlimitedly elastic spherical segments whose 
ratio of the height/altitude of seyment h to thickness 6 satisfies 
the condition 

5<4, 
lower critical load at a uniform external pressure is determined from 


the formula 


p= ae (ey VX. 
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Or, which is the same, 
pm see (a) Vie 
For the spherical shells, which possess the limited elasticity, 
was derived (page 71) the coliowinyg formula for a lower critical load 
at the external pressure: 


p, = 3ec'E (z) (=| ‘ 
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This formula is obtained from that condition that the supercritical 
deformations limitedly elastic saells stop during appearance on the 
boundary of the bulge of plastic deformations from curvature, that 
is, from the condition 
et (s)*mo, (*) 
where cr ~ radius of the circle of bulge. Let us look, when determined 
by this condition deformation is axially symmetric, Substituting 
under condition (*) the craticai value 
r=+VRb, 
we will obtain 
{Fi =o, 
Thus, the deformations in question will be axially symmetric, if 
fe =. 
Thus, the application/use of the foraula 


nme ($ (E) 
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for the lower critical load limatealy elastic spherical shells at an 


external pressure is limited to the condition 


R e’E 
ir 


Let us examine for an example the steel shell. Set/assuming 


o,=4-108 Kbje.x?, E=2. 106 cen, 
c’=0,9, c~0,19, 


Key: (1). kg/cm?,. 


we will obtain 


R < 2500. 
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Chapter Two. 


LOSS OF STABILITY OF STRICTLY CONVEX SHELLS. 


Present chapter is aedicated to the analysis of stability of 
strictly convex hulls with the different methods of loading. The 
basis of our method of the study ot problem compose the following two 


considerations: 


1) the received by shell ioad at the moment of loss of stability 
is stationary and, theretore, little changes with the noticeable 


bulge of shell. 


2) With considerable buiye the deformation of shell out of the 
vicinity of the boundary of the region of bulge can be considered 


geometric bending. 


On the basis of these considerations, we will formulate and will 
base certain common/genecal/totai principle, which then let us apply 
to the solution of specific problems. Specifically,, in § 1 we will 


examine the loss of stability of maldly sloping strictly convex 
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shells under external fressuce, and in § 3 loss of stability of the 
shells of revolution. Tne principle indicated, let us call its 
“principle v", it is connected wath principle A (chapter I, § 1) and 
reduces the study of the problew concerning the stability of shells 
to the solution of certain variational problem for the functional, 


determined on infinitesimal peadiny of the initial surface of shell. 


§ 1. Loss of stability of stractiy convex hulls under external 


pressure. 


As noted above, the solution of the task of the stability of 
shells in our examination wili be pased on certain 
common/general/total principle. in present paragraph we will give the 
substantiation of this principle aad will use it to the investigation 
of a question concerning stability of flat strictly convex hulls, 


which are located under exteriual pressure. 


1. Strain energy of snell. Let the elastic shell F be under the 
action of certain load qg, #hica thus far more precisely formulate we 
will not. If load is smail, then the elastic state of shell among the 
forms, close to F, it is detecmwined unambiguously. Let us increase 
load q. Then can begin thas torque/moment, when by the condition of 
nearness indicated the elastic state of shell is not unambiguously 


determined. Specifically,, toyether with the basic form of the 
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elastic equilibrium of the saeil, tor which the deformed surface of 
shell remains close to initial tora (F), also, during further 
increase in the load there are otaer forms which are developed 
virtually without an increase in the effective load, moreover this 
development is accompanied by considerable changes in exterior fora 
of shell. The load with whack occurs the ambiguity of the elastic 
states of shell indicated, 1s caiied critical. The smallest critical 


load is called upper critical load. 


The noted specific cuaracter of the elastic states of shell 
under the action of critical ioad (considerable changes in the form 
with stationary load) makes it possible to reduce the problem of the 
determination of such loads to the examination of the supercritical 
states of shell and to use the metaods, developed in chapter 1, to 


the study of these states. 


Let the loss of stability of shell under the action of the given 
load be accompanied by the puige of region G, limited by curve y. On 
the basis of the demonstrative cepresentation of the character of 
bulge, we assume that essential deformations the shell 
experience/tests only in the vicinity of boundary of the region G, 
and out of this vicinity the form of the deformed shell is close to 
initial. In this case, it is logical to consider that energy of the 


deformed shell is concentrated in the vicinity indicated. For 


poc = 78221904 PAGE eo /49 


determining this energy, we wiii use the same considerations, as in 
the examination of substaatially supercritical deformations in § 1 


chapter 1. 
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Identifying the iscmetric conversion of initial surface with 
this quite surface and reproduciny the reasonings of §1 of chapter 1, 
we will obtain the same in focm as there, expression for U, ~- strain 
energy of shell per the unit of iength y (boundary of the region G). 
Specifically,, 
rZ e 
o=% { vas ra | Sas. 
-t 
The corresponding formula (paye 29) for substantially supercritical 
deformations contained two additional term/component/addends 


D f deo” as + Dede 


-% 
In this case these term/componeat/addends are equal to zero, since 
the isometric conversion F lato F is identical and, therefore, Ak=0. 
Let us recall that in formula for U, value u and #’ designate the 
displacement (during detormation) ganpectivety in the direction of 
the principal normal and binormal of curve y of that point of surface 


to which J, is related, and throuyh D and D* are designated the 
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rigidity of shell to curvature ana elongation - compression 
respectively. Displacements u, % are connected by the 
relationship/ratio 

+e +5 =e, 
where a - an angle between tae osculating plane curved y and 


tangential plane of surface. 


Just as in § 1 of chapter 1, instead of the variables u, v, Ss ve 
introduce new the variables Ue Ve S according to the formulas 
w= Za v=—, c=. 
etapa 


Here p - radius of curvature curved y, 6 - thickness of shell. 
Page 104. 


In the new variables the feature above which for simplicity of 


recording let us lower, we will ootain 


a ag" tg— "he 
- A ¥) iG + #*)ds. 


Integration limits ~~ and _; unlimitedly increase in the 
absolute value together with pa/é. Therefore, being limited to the 
case of such shells and deformations, for which 6/pa is small, 


integration limits can be replaced by+oco. Then 


oo 
Ow {e*+ u) ds. 


2.12 ( + ao Y) 
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As always, let us assume tae symmetry of function ¥(s) and 
antisymmetry u(s). Then it is possible to be restricted to 
integration in limits (0, #). Therefore 

=r. 
Dm aay | Ot eae 

Let us agree to designate taat part of region G, which is 
arrange/located out of the vicinity in guestion by curve y, through 
A,, Vicinity itself - throuya A,yz, and the remaining part of the 
shell - through A>z. The tound by us expression for energy U depends 
substantially on the form of shell in transition zone A,2, which 
(form) is determined by functions u, V, which assign deformation. So 
as during the investigation of supercritical deformations in chapter 
1, energy U we will determine trom the condition of the minimum 
during the assigned/prescribed common/general/total deformation. This 
deformation we characterize by saygying/deflection h in the region of 
extrusion near this point of curve y, to which (to point) energy U is 


related. All this acquires the precise sense when the width of 


transition zone A, z unlimitedly decreases. 


In the initial variables sand s, value h allow/assumes the 


cbvious representation 
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If we pass to new variables and integration limits ¢ and _¢ 


replace by t#, then we wili obtain 
b= — Tp Vien | vas 


Vv 
or, taking into account the predicted symmetry of function ¥(s), 
Re 
h=—— V ; 
re V dpa | vds 
Thus, energies v and, consequently, also functions u, Vv, on 
which it depends, they are determined from the condition of the 
minimum of the functional 
si $s Vag — Ve F 
p= Eber | (0% +u%)as 


S 6 (] — v2 
Iz“(i—v) 


during the additional limitation 
— 5, Vina [ vds=h = const. “ 
0 


The varied functions u, v, besides integral communication/connection 
indicated, satisfy another celationship/ratio 
vw? 
uw +v+>=0 (*) 


and they turn into zero at infinity. 


_ 
Let us examine the task of tne minimum of functional U. In 
connection with this we, first of all, convert 


communication/connection 
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with the aid of relationship/ratio (*). If this relationship/ratio is 
integrated within the limits (-*, *@) and to considered in this case 


that u(-#)=u(*)=0, then we will obtain 
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Vv 
Hence, taking into account tae syametry of function ¥(s), we will 


obtain 


es) oo 
o - 


= vase | + ds. 


Consequently, integral communaication/connection, to which is 
Vv 
subordinated function ¥(s), can be represented in the form 
Via f an 
vwds=h. 
12% Fi 
Thus, our variational problem consists of the determination of 


the minimum of the functional 


5 Eda" "he jh od 
Om Gy ) ee 


under the conditions 


ae | v2 ds =h = const, 
0 


uw’ +v+5=0, (*) 
u (0) = u (co) = v (co) = 0. 


Since us interests the initial stage of supercritical 
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deformation, in relationship/ratio (*) term/component/addend v?/2 can 
be disregarded, after giviny, thus, to this relationship/ratio the 


entirely simple fora 


u’+ox0. 


If we now everywhere replace * by -u‘, then we come to the task 


of the minimup of the functional 


ee i te f ree 
U= Wav’ ) (a +4 ) ds 
with integral communication/connection 


V Spa 
12" ; 
and the boundary conditions for the varied function 


72 
u’ ds =h = const 


u(0)=u(-o)=9. 


According to Bylera - Lagrange's method, our variational problem 
is reduced to the examination of the unconditional extremum of the 


functional 


sg age esis 
| f £0" a"%p-" 9 wt £5 V dpa 2 
J | 12°*(1 — y*) (u bi ) A 12" u Vas, 


where » - certain constant. 


Set/assuming for the brevity 


we can consider that the discussion deals with the extremum of the 


functional f 
j= f (u- 4+ Po ou’) ds, 


which differs from W only ia teras of constant factor. 
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The equation of eylera - Lagrange for functional J will be 
aV+u+ou”=0. 
Its general solution - 
a(s)= X c,e%e', 
where ® - roots of the characteristic equation 
ot + | + oo? = 0. 

In order to satisfy boundary condition u(#)=0, it is necessary 
that among the characteristic roots there would be two roots with 
negative real part. If these roots are designated w, and ws, then the 
solution of our variational probiem it gives function u(s) of the 
form 


a= c,e% + c,e™S, 


In order to satisfy and to the second boundary condition 
u(0)=0, 


{t is necessary to require that 
¢*=—Co—e.~ 
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In this case, for function u(s) is obtained the expression 


a=c (ers — ems), 


Let us substitute the obtained function in the expression of 


— 
functional U and in communication/connection. Then we obtain 
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futeem—o(G +9 w), 
( 
0 


1 1 2 
es ee aes pon an Ay es 
ads = “ (55, + 20. ra) 


Noting that in our case the roots wu, and wy are conjugate/combined in 
pairs and equal to unity in absolute value, we can write 

o, =e, o,=e-%, 
The substitution of these values iato our integrals gives 


oo 


| 2s =? =, 
(es eeme eget 4 cos? #). 


He nce 


5 BB attp="h oe are 3 
U= =a (2 + 4 cos $), 


_ Vbpa o2 int 


1a” ° cos?” 


Consequently, 
E8?a%h 


~ Viu—vye (2+4 cos? ). 
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Minimum U at h=const is reached with 8=w/2. And we obtain the 


following resultant expression for strain energy: 


2ENa2h 


O=TRa—e 
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2. Formulation of principie V and its substantiation. Let the 
loss of stability of sheil under the action of the given load be 
accompanied by the bulge ot reyion G, limited by curve y. Just as in 
the examination of subStantialiy supercritical deformations in 
chapter 1, let uS approach the torm of shell after loss of stability 
and noticeable bulge the 1sometcic conversion of initial surface. 
Taking into account, that essential deformations the shell 
experience/tests only in the vicinity of the boundary of bulge, we 
visualize, that this iscmetric coaversion is accompanied by the 
appearance of two fin/edges yy" and y", close to y(PFig. 17). If y* and 
y" they are plane curves, then au example of this isometric 
conversion is the mirroc retlection of the region, limited by curve 
y", with the subsequent mirror rcetiection of its part, limited by 
curve ye In order to reduce designations, let us suppose that curve 
y" coincides with y. Furthermore, tor certainty let us consider that 


the curve y’ is arrange/iocated within region G and limits region G*. 


Let us examine the task of the isometric conversion of surface 
of F with the extrusion of reyion G* and the formation of fin/edges 
along curves y and yy’. 


~ 


Certain indeterminancy/uncertainty of this task is removed by 
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requirement that unknown sucface within region G* and out of region G 
was equally oriented with F, out ia region G out of region G*, it had 


opposite orientation. 


If curve y' coincides with y, then task has the trivial 


solution. 
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The isometrically converted surtace is very surface of F. It is 
logical to assume that with suiticient nearness of curves y and y' 
the isometric conversion of surtace of F is characterized by 
essential deformations only in tne band between these curves. As far 
as part is concerned remaining of the surface, here final bending can 


be replaced infinitesimal. 


Keeping in mind concrete/specific/actual application/appendices, 
we will not explain the structure of the converted surface in the 
band between curves y and y', since in actuality deformation in this 
band for an elastic shell is determined by energy considerations. The 
bending of the band indicated we will describe by certain 
common/general/total property whicn will allow us to explain the 


conditions of the coupling iafinitesimal bending out of region G and 
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within region G* upon transfer to the limit: 
vy. 

P - arbitrary point to curve y. Let us conduct from this point 
inside region G geodetic perpeadicular before intersection with curve 
y* at point P*. s - length of tunis perpendicular. Upon transfer from 
surface of F to the isometricailly converted surface of point P and 
P*, will be obtained the displacement +, and t,. where r and r* they 
designate the which bend surctace fields of F in the appropriate 


regions. Let us determine difterence ‘p--tp. assuming sufficient 


nearness of curves y and y;y'°. 


The formation of fin/fedye according to line y during the 
isometric conversion of surtace of F is accompanied by the rotation 
of tangential plane about tanyent to curve y. Upon transfer to limit 
y~—y. this rotation is reduced to mirror reflection in osculating 
plane by curve y. Hence at follows that with sufficient nearness of 
curves y and y' the vector t,—1t,, can be considered directed 
perpendicularly to osculating plaue by curve y, that is along the 
binormal of this curve. Then 

Tp— Tp. = oe, 
where e ~ the unit vector of binormal. As far as factor is concerned 
o, at small angle a between the osculating plane to curve y and the 


tangential planes of surface it is equal to 2as. 
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As noted above, in connection with the forthcoming 
application/appendices us it wiil interest the case of close curves 
y' and y. In connection wita this we pass to limit y'-»y. Now the task 
of the bending of surface F ilies in the fact that to find the fields 
infinitesimal bending - tiaeid r* wathin region G and r - out of this 
region which on overall boundary ot the region y satisfy the 
condition 

t— 1 oe. (*) 
Here e - unit vector of binormal curved y, and o - certain function, 
assign/prescribed in this curve. Condition (*) we will call the 


condition of coupling. 


Knowing the bendiny tieids r and r‘', we know the form of the 
deformed shell out of the vicinity of the boundary of bulge y, 
therefore, we can determine strain energy J and produced by external 
load work A. Really/actually, in the expression of strain energy T 
(p- 1) is contained value h - sayging/deflection in the region of 
bulge near boundary y (more precise, a change in the 
sagging/deflection upon transfer through the boundary). This 
sagging/deflection there is aothiny else but value o, entering under 
the condition of the coupling ot fields r and r*. Thus, it is 


possible to count that the strain energy is determined by the bending 
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fields. Further, since the bendiny fields deterwine in essence the 
form of the deformed shell, with tne assigned/prescribed load they 


determine produced by this Load work by deformation. 


Wwe see that to the state of tae elastic equilibrium of shell 
with bulge under the action of critical load corresponds the field 
infinitesimal bending with bpreakaye along some lines, which, as 
usual, communicates to the fuactional 

W=U_-A 


steady-state value. 


Thus, we come to which rollows principle B. 


If the effective on sneii ioad critical, then variational 
problem for the functional 
W=U—A 
on the disruptive infinitesimal bending of median surface of shell 
has the nontrivial solution, that is the bending field, which is the 


solution, not is equal to zero identically. 


Page 112. 


Functional W is determined in the fields infinitesimal bending 


with the breakage, which satisty the condition 


t— t =08, 
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where r-r' - breakage ot the pending field, and e - unit vector of 


the binormal curved y, alony which occurs the breakage. 


Addend U of functional Wis determined from the formula 


v= | Wri 2E 82a2a 
Vin i—v)p 


Here p - radius of curvature curved y, where occurs the breakage of 
the bending field; a - angle between the osculating plane curved y 
and tangential plane of surface; o - component of the breakage of the 
bending field in binormal curved y, 6 - the thickness of shell, E - 
the module/modulus of elasticity Y— Poisson ratio. Integration is 


fulfilled according to arc s by curve jy. 


Addend A of functional wis defined by the usual method as the 
produced by external load work by the deformation, given by the 


bending field. 


The solution of task Legatdiny critical load with the aid of 
principle B is conjugate/combined with known difficulties, since we 
know either lines of discontinuity for the bending field or character 
of breakage (function oe). However, in specific problems we can obtain 
the appropriate information ticrom experimental data and thus remove 


the difficulty indicated. 
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In conclusion we want to pay attention to one more fact, 
connected with the application/use of principle B. If the effective 
on shell load is concentrated along certain line and loss of 
stability occurs so that this line proves to be in the vicinity of 
the boundary of bulge, then, by determining work A, produced by load, 
it is necessary to conSiver the torm of the deformed shell in the 
vicinity indicated. As this one should make, we will show in p. 5 
based on the specific example of the loss of stability of slightly 
curved shell of rotation under tue action of the normal external 


pressure, evenly distributed along certain parallel. 
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3. Determination of critical ioad for strictly convex hulls at 
uniform external pressure. Let the strictly convex shell, rigidly 
attached on edge, be under tae external pressure p. When pressure 
reaches critical value, shell loses stability and it begins to be 
swelled. Let G - the region of buige and y - limiting it is curved. 
According to principle B, with critical loading the variational 
problem for the functional 


W=-U—A, 


determined on infinitesimal pendiny with discontinuous change 
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lengthwise y, has the nontrivial solution. We will use this property 


of critical load for its detecmination. 


First of all, we will cestrict the class of the bending fields, 
in which is examined functioual WwW, Por this, we will use rigidity 


condition of the attachment of shell along edge. 


r* - bending field out of region G, and r - bending field within 
this region. On the boundary y ot region G cf field r and r', they 
Satisfy the condition of the coupling 

t—1' 08, 
where e - the unit vector o£ binormal curved y. In view of the 
rigidity of the attachment ot edye of surface, we must consider field 
r' at edge of surface egual to zero. But then according to known 
theorem it is equal to zero on an entire surface, i.e., out of region 
G. Hence, taking into account the condition of the coupling of fields 
r' and r, we consist that to curve 7 

t= 08. 

Is known the theorem according to which satisfying this 
condition bending field r eather is equal to zero identically, if 
curved y not flat/plane ! or it is the velocity field of the motion 


of surface as whole, if is curved ; flat/plane. 


POOTNOTE !. Generally Speakiay, ia that form, as it is here 
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formulated, this theorem tor twisted curve y inaccurate. But, on the 
basis of the demonstrative picture of deformation, it is possible to 
count that curve y differs littie trom plane curve, and that o=const. 
but under such conditions tue corresponding infinitesimal bending 


differ little from trivial ones. (£ditor's notes). ENDFOOTNOTE. 
Page 114. 


In the latter case this motioa 1s rotation about the straight line, 
which lies at plane curved y; in particular, this can be shift/shear 


in the direction, perpendicular to this plane. 


Thus, the rigidity of the attachment of edge of surface 
predetermines the form of tne reyion of bulge and the character of 
the bending fields. Specifically,, the region of bulge is limited by 
plane curve, moreover out of this region the bending field r'=0, and 
within the region the bending cield “where r— a radius-vector 


of surface, a and b - conStant vectors, 


Let us note that the approaca/approximation of the form of the 
deformed shell infinitesimal isometric conversion which we obtained, 
there is actually approach/approximation by twofold mirror 
reflection. Here the role ot curves y' and y", close to y, play plane 


curves. Isometric conversion is ot the mirror reflection of the 
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region, limited by curve y', in the plane of this curve, and then the 
mirror reflection of its part, limited by curve y", in plane the 


latter (Fig. 18). 


Let us introduce the system of Cartesian coordinates, after 
accepting the tangential plane of surface, parallel to plane as curve 
ye for plane xy, and point of contact of tangency P - in the origin 
of coordinates. Of the axes ot coordinates x and y is directed along 
the main directions of surface at point P. Since fieldt=aXr-+0).then 
for its component ¢ along tae axis z we will obtain 

C=ext cyt. 
where x, y—- coordinates of the point, at which is calculated this 


component, and Cy, Cp and bh - constants, 


Let us assume now that tae region of bulge is small. In this 
case it has a form of the eilipse, similar to the indicatrix of 
curvature at point P, and its boundary y can be assign/prescribed by 
the equations 

x=AVR, cost, y=AVR, sint. 
Here R, and Rz - main radii of curvature in the center of bulge P, 
and X - parameter, which Characterizes the size/dimensions of the 


region of bulge. 
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Let us calculate the strain energy of shell. We have (page 109) 


Tai ies Seen 
V 12 (—wype 


Here a - angle between the plane curved y and tangential plane of 


surface by lengthwise curve, p - cadius of curvature curved y, and ¢ 


~ sagging/deflection in tae reyion of bulge by lengthwise curve 7. 


Let us determine values a and p, entering the formula for strain 


energy U. We have 
e VRR, 


® A(R, sin?t+ R, cos? t)* | 


On Meusnier's formula the angle 


a= pk,, 
where x, ~- normal surface curvature of shell in the direction of 


tangential curve y. On the Euler formula the curvature 


n 


1 R, sin? t R, cos? t 
; als (x, sintt + R, cos? t ) + 7 ( R, aint +R, Coste) * 
LeCe,g 


1 


i= R, sin? # + R, cos?é 
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The cell/felement of arc to curve y is equal to 
ds == 2.(R, sin? t + R, cos? ty dt. 
Substituting the obtained values in forgula for U, we will 
obtain 


on 
= | 2E bXA? dt 
g VI20—v¥VRR, * 


i.e., 

U= 4nE 5?h}? 
~ V2 (l—vyVRRz | 

Let us calculate now the work A produced by external load. We 


ha 
i A=Qah. 


TN ee eee eee a — a > 2 ¢ aes 
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Here Q - total load, acting on the region of bulge, and h - 
sagging in the center of bulge P. It is obvious, 
Q= ps, 
where S - area of the region of bulge, and p - pressure. In the case 
in question area S as the area ot ellipse with semi-axes XV, and 
Woe is equal to 
mi? VRiR>. 
Consequently, 
A=Qh= pSh=xp VRjR, hi. 
Now from the condition of the equilibrius 
a(U — A)=0 


we find the received by shell load. We have 


{ 4nE 87h)? 
V 


EE RR, hi2\=0. 
d\n VRE ap VRR> } 


whence 
ee a 
P= Vs—) RR 


As one would expect, load p was stationary with respect to parameter 


hdA?2, characterizing bulge. 


Thus, upper critical pressure P? for the flat strictly convex 
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hull, rigidly attached on edge, is determined from the formula 
P = 2E ee 
‘V3 (l—v) RR 
where Ry, Rzg - main radii of curvature of shell, 6 - its thickness, E 


and v - sodule/modulus of elasticity and Poisson ratio. 


Let us note that 1/8,R2 there is Gaussian curvature. Therefore 
formula can be written also in this form: 
_ _2E 8K 
Pe V5I—wv) | 


where K - Gaussian curvature of gwedian surface of shell. 
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Por the spherical shell of radius R, we have 
R, =R,=R, 
and formula for the value of critical pressure takes the fora 
m= Weaaa (a) 
In view of the fact that 
p—-v= ie 
this formula gives actually well known result for the spherical 
shells * ne 
= Wem (RD - 
The derived study of the problem concerning critical load at a 
uniform external pressure on slightly curved shell substantially 


rests on assumption about the rigidity of the attachment of edge. In 
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§3 we again will turn to this question. Without assuming the special 

rigidity of the attachment of edye, we will proceed from some natural 
assumptions about the character of bulge, prompted by experiment. It 

is interesting that the critical pressure in this case will be 


obtained the same. 


From the formula, which is determining the value of the received 
by shell pressure with Lulge, we see that this value does not depend 
on parameter hdA#, which characterizes deformation, in particular, 
from the size/dimension of the region of bulge (parameter A). It is 
hence logical to draw the conclusion that at the nonuniform, but 
slowly changing external pressure on shell the critical load is 


determined by the value of maxigum pressure. 


4. Effect of initial bending of shell on stability. The 
determination of critical load for strictly convex hulls, which are 
located under external pressure, was the object/subject of numerous 
experimental experiments. They experimented usually with spherical 
shells. The results of these investigations, as a rule, did not give 
the specific critical pressure. Is singular, which 
constant/invariably was observed this the fact that the critical 
pressure, obtained in experiment, is always less than theoretical 


value Pp, determined on the formula 


&= ria (a) - 
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The basic reason, which lowers the value of critical pressure, 
is the imperfection of the torm ot real shell or, as they say, 
initial bending. The thoroughly piaced experiments with the 
accurately prepared spherical segments show that the theoretical 
value of critical pressure is reaiized. Thus, for instance, in the 
experiment regarding lower critical load, which is described in §2 of 
chapter 1, was determined also the upper critical pressure by which 


the shell lost stability. 


Figure 19 gives the curve of the dependence of the upper 

critical pressure nA Hs 

= Team (eR) 
on thickness 6 for the copper shelis of radius R=80 am. Isolated 
points give the critical value of pressure, obtained in the described 
experiment. For simplicity the modulus of elasticity is accepted 
equal to 10106 kg/cm@. If we consider the actual value of 
module/modulus E, then theoretical curve virtually traverses 


experimental points. 


The fact that the true critical pressure for the real shell, 


poc = 78221905 PAGE 


which has initial bending, can be considerably lower than theoretical 
value, causes serious difficulties during the design of shells, since 
this value cannot be accepted for calculated. As natural output/yield 
from this position it would be accept as design load lower critical 
load. This load is determined py considerable deformations and 
therefore it is less sensitive to the imperfections of the form of 
shell. If we accept lower criticai load for calculated, then the loss 
of stability of shell completely is eliminated, since the received by 
shell load during supercritical detormation is sore than lover 


critical. 


on 
DOC = 78221905 PAGE = &/7? 
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The solution of a question indicated concerning design load is 


simple and reliable. However, it cannot be accepted because of the 


very low value of lower critical load. Let us examine this based on 


the example of the shell, which has the form of flat spherical 
segment, which is located under external pressure. For it upper 
critical pressure Pp is detersined from the formula 
me Team (RD 
where R - a radius of curvature of shell, and 6 - its thickness. 
far as pressure is concerned lower critical, it is equal 
r= %b (i) V ae 
where h - a height/altitude of segment, and the constant c=#0.19. 


— 


Pens U 
oe 05 J oh’ 


As 
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We see that already with a=86) p/p ~v) i.e., the lower critical 


value composes 0.1 from upper. 


The acceptable solution oi a guestion concerning design load 
would be definition it as the load, with which occurs the loss of 
stability taking into account initial bending. Now we will make the 
attempt to determine this load in connection with the load case of 


flat strictly convex hull by external pressure. 


In §2 of chapter 1 for the value of the received by shell load p 
with bulge on height /altitude 2h, is obtained the formula 
p=xEHV Key &., (*) 

where K - Gaussian, and H - the mean curvature of shell. It is 
logical to assume that when, in the shell, initial bending is 
present, which corresponds to the form of bulge, it will lose 
stability at the pressure which is determined by this formula. Thus, 
during initial bending 2h we propose to determine the critical 


pressure p according to formula (*). considering it calculated. 


It must be noted that tora@ula (*) have derived we under the 
assumption of sufficient smallness of the parameter 6/2h. Therefore 


its to apply is possible only in the presence of considerable initial 
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For a spherical shell formula \*) takes the fora 
ha ae ny fs 
Accompanying graph (Figure 20) depacts the dependence of the 


dimensionless coefficient k as a function of initial bending 2h/6. 


Prom this graph it is evadent that the high precision of 
manufacturing shell is aardly justified by orientation at the values 


of critical pressure, close to theoretical. 


5. Loss of stability of sheli and critical loads in other load 
cases by external pressure. As shown above, obtained by us result 
about loss of stability with the loading of strictly convex hull by 
external pressure is related not only to the case of unifora 
pressure. To a certain extent by it it is possible to use, 
determining critical load at a coatinuous, compulsorily constant 
pressure. Now we want to examine other cases where the continuity 
condition of load distribution according to the surface of shell 
substantially is not satisfied. Among these cases basic are the load 
distribution along certain line and the loading, concentrated at 


point. 
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A question concerning the concentrated loading of strictly 
convex hull by us has already been examined in chapter 1 (p. 2 §2), 
where it is shown, that this loading does not lead to Loss of 
stability. Thus, for the coapleteness of the investigation of a 
question to us it remains to examine the load case, distributed along 
certain line on the surface of shell. It is not difficult to give the 
example where this loading is realized. We bear in mind the loading 
of shell by pressure the tightly drawn on it filament. Let us examine 
the task of loss of stability and critical load in this 


concrete/specific/actual setting. 
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Fig. 20. 
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Thus, let the strictly convex hull, rigidly attached on edge, 
experience/test pressure the tightly drawn on it filament (Fig. 21a). 
With certain tension of filament Q, the shell loses stability with 
the education/formation of the regions of bulge along the line of the 
adjoining of filament (Fig. 21b). iet us determine the value of this 


critical tension. 


In contrast to the examined case of pressure, distributed over 
the surface where the loss of stapility is accompanied by the bulge 
immediately of certain finite domain, in this case the bulge spreads 
from certain center on the line of the adjoining of filament to 


shell. 


It is natural to approach the form of shell during supercritical 
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deformation with the aid of siaple mirror bulge, as this was made in 
chapter 1 (§2). In this case, for energy U of elastic deformation of 
shell, is obtained the expression (page 49) 

U = ncE (2h) * (ky + hy). 
Here 2h - sagging/deflection in the center of bulge, k, and kz, ~- 
principal curvatures of shell, 5 - thickness, E - the module/modulus 


of elasticity, but is constant ce0.19. 


Produced by the tension of filament Q work is equal to 
A=QAI, 
where Al - common/general/total displacement of the ends of the 


filament, connected with the bulge of shell. 


Assuming that friction setween the filament and the shell is 
absent, and therefore filament tits closely to shell according to 
certain arc AB of geodetic line, easily we find \). It is equal to the 
difference between arc AB and chord, connecting the ends. If we 
designate the normal curvature of surface of shell in the direction 
of the filament through k,. and sagging/deflection in the center of 


the bulge through 2h, then 


N= 5 (2h) rl Vk, . (*) 
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Really/actually, it we introduce the Cartesian coordinates x, y, 

z, after accepting the osculiating plane of filament in the center of 

bulge for plane xy, and tangent for x axis, then is filament, fitting 

closely to surface on geodetic, it will be assigned by the equations 
y= ae + O(«3), z= O(x%), 

where through 0(x3) designated are the values, which are of the order 


If chord AB has length 2d, then arc length AB is equal to 
d 


" NRE Te 2 
—_ | Vithex dx =~ 2d + tnd! 


~d 
Or, noting that 21~hk,d@’. we get 


$= 2d + 4(2h)"* Vk, 


Hence is obtained indicated on forsula (+) value Ai. 


Substituting the value 4! in the expression of work A, we will 
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obtain 
A= 4, Q0hn!" Vig 


Now from the condition of the equilibrium of the shell 
d(U — A)=0, 
where is varied saggingydeflection 2h, we find the received by shell 
load Q. We have 
d { nck (2h)"*8"* (k, + hy) — 4 Q(2h)" VR, ) ae 0. 
Hence 
‘Q = 3ncE8” (k, + WE 
We see that as in the examined case of the continuous loading of the 
surface of shell, tension Q is stationary with respect to the 


parameter 2h, which characterizes pulge. 
Page 123. 


Thus, critical tension Q, of filament, by which the shell can 
lose stability and begia to be swelled, is determined from the 


formula 


: »/, J 
Q, = 3ncEb*(k, + ky) <r 
Vk, 


Por the spherical shell of rcadius R, we have 


and formula for the value of critical tension takes the forn 


Q, = 6c ES? y =: 
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Let us examine a question concerning the loss of stability of 
the flat conical shell of revolution. Let the flat, rigidly attached 
on edge conical shell under the uniform external pressure p lose 
Stability, having the axial symmetry of bulge (Fig. 22). Let us 


determine the value of critical load. 


p - vadius of the circle of bulge y, and @w - angle between the 
plane of basis/base and generatrix. Then the strain energy of shell 
(with bulge) per the unit of the length of circumference y will be 


4 
{page 109) ns ansierh 


ae Vi2(1—v*)p" 


where h - sagging/deflection on tue region of bulge. Total energy of 


the deformation of shell wiil be equal to 
U a= ARES ath 
Vi2(1 —y¥ ° 


The produced by external pressure work by the bulge of shell is equal 
to 

A= mp*hp, 
where p - the critical pressure under action of which occurs the 


bulge. 
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From the condition of the elastic equilibriua of shell with the 
bulge A 
aa (U— A)=0 


we obtain the value of the critical pressure 
<= QEb2a? 
i V3 (l—v*) p? | 
The minimum value p, i.e., upper critical load, is obtained with 
BSaximum p. AS this value Pe it is necessary to take a radius of the 


basis/base of shell r. 


Thus, upper critical load for the flat tigidly attached on edge 
conical shell, which is located under external pressure, it is equal 


to 26a! 


P= V5 i—wyr' 


where 6 ~ thickness of Shell, c ~ a radius of its basis/base, and a ~ 


an angle between plane of basis/base and generatrix. 


Formula is derived under the assumption about the axial Symaetry 


of the fora of loss of Stability. 


In conclusion let us examine a question concerning loss of 
stability and critical load for slightly curved shell of rotation, 


which is located under the action of the external pressure, evenly 
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distributed along certain parallel. In the study of this problem 
principle B it is not possible to directly use. Reason consists of 
following. If the effective on sheil load is continuously distributed 
over surface, then strain energy is localized in the vicinity of the 
boundary of bulge, while the load in essence is located out of this 
vicinity. Specifically, on tais basis/base we during the 
determination of strain energy simply minimized functional U, 
disregarding the effective on shell load in the vicinity of the 
boundary of bulge. In now the task in question the load, as strain 
energy, is concentrated in the vicinity of the boundary of bulge. 
Therefore, varying the form ot shell in the vicinity indicated, it is 


not possible to disregard the produced by external load work. 
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Let for certainty the effective on shell effort/force Q be 
transferred through the rigid ring, adjacent to shell by the parallel 
of a radius p. In this case, it is logical to assume that the 
deformation of shell at the aoment of loss of stability possesses 
axial symmetry. The expression of strain energy in standardized 
variables u, v, which assiga deformation, takes the fora 

= wa f (vu + w)ds. 
The produced by pressure ring work by the bulge of shell is equal to 


s* 


A =, Vira { vds. 


-w 
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In these formulas p*t- a radius of the circle of bulge, and s*- the 
value of the dimensionless paramweter s, which corresponds to a radius 


of ring. 


From demonstrative considerations it is logical to consider that 
p*=p. As far as value is concerned s*, about it it is possible to say 
following. It is obvious, sagging/deflection will be maximum along 
the parallel where fits closely ring. Therefore s* corresponds to the 
maximum of the integral, which is determining sagging/deflection. 


Thus, it is possible to count that 


s* s 


f eds = max f vas. 


(s) 
-—o - 


The determination of the state of elastic equilibrium with 
noticeable bulge is reduced to task to the extremum of the functional 
W=U-A, 
where the varied functions u, v are connected by the 
relationship/ratio 
w’+o+5=0 (+*) 
and they satisfy the boundary conditions 
u(co) = u(— 00) = 0, + v(00) = u(—co) = 9. 
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This variational pcoblem is solved by the numerically following 


method. On the basis of the demonstrative representation of the 
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character of the examined deformations, we count function y(s) in the 
vicinity of the parallel where occurs loading, by the function of the 
fora 

v(s)=AO-[s|),  [s| <o, 
where » and #« - some parameters. In this case, function u(s) in the 
sane interval |ske is determined by communication/connection (++). Out of 
this interval, i.e., with ld20, functions u, v are detersained fron 
stability condition of tuactional U and of condition of the 


smoothness of coupling with values within interval. 


If we by the method indicated find functions u(s), y(s) and to 
substitute them in the expressions of functionals 0 and A, then the 
latter will become the specific functions of the parameters 3 and oe. 
Now, record/fixing the value ot function A, i.e., the value of the 


integral s 
K= f vas. 


let us search for the minimua of function U or, which is the same, 


minimum of the integral 


ww 


|= f (vu + u*)ds. 
Let us designate this miniaua J(K). now our variational problers is 


reduced to task to the extreaua of the function 


Brag’ "y —" 


Prom stability condition of this function, we find the received by 


shell load Q with bulging: 
nE0’a? = J 


ioe Vi2(i —v*) aK 
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Upper critical pressure answers maxinaus @J/dK. Numerical calculation 
according to the described diagraa gives for this value of dJ/dK a 


value ~3. 


Consequently, criticai force Q,, which effects on slightly curved 
shell of rotation through the rigid ring, is determined from the 
formula ” 

g, — —aafbta?_ 
SYR dv" 
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Let us recall that here p - radius of the parallel on which fits 
closely ring to shell, a - an angle between the plane of parallel and 
the tangential planes of surface, 6 - thickness of shell, and E and 
v = the elastic constants of material. For the spherical shell of 
radius R a=p/R and, therefore, 
e+ oe 
V12 () —v*) Re” 
Formula for critical force Q, in the case of spherical shell was 
subjected to experimental check. Tested spherical shell 1 freely 
rested on rigid ring 2 (Fig. 23). The action of load Q through 


vertical rod 3 was transferred to cap/hood by 4, which rested on 


shell along the parallel of diameter d=2p. 
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Experiment consisted in the fact that load Q, consisting of 
steel washers 5, gradually increased to the torque/soment of the loss 
of stability of shell, which was accompanied by distinct click and 
sharp dropping of rod 3. Value Q, which corresponds to the 
torgue/moment of the loss of stability of shell, was accepted for 


upper critical value. 


For one and the sage of shell the experisent vas carried out 
four times with four different cap/hoods by 4, diameter d=6, 10, 12 
and 14 mm. Just as in the preceding/previous experiments, the 
specimen/samples of spherical shells were obtained from copper by 


metal spraying in vacuus to steel form. 


In Fig. 24 they are cepresented graphs of the dependence of 
upper critical load Q, on diameter d=2p of the parallel, along which 
is distributed the pressure. Three curves answer three different 
shells with one and the same with a radius of curvature of R=150 ama, 


but different thicknesses 6=0.047, 6=0.055, 65=0.072 oa. 
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The isolated points, depicted by circles, give the experimental 
values of upper critical load Q,. which corresponds to four different 
values d=8, 10, 12 and 14 ams. As we see, experisental values 


practical do not differ from theoretical ones. 


6. Loss of stability of three-layered shells. The obtained by us 
results about the stability of flat strictly convex hulls with the 
different methods of Loading can be postponed by the case of the 
so-called three-layered shells. Three-layered shell consists of the 
thin skins, prepared from material with high mechanical 
characteristics, and a comparatively thick layer of filler, prepared 


from weak material. Just as for usual shells, with the bulge of 
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three-layered shell energy ot its deformation is concentrated in 
essence on the boundary of tae region of bulge and it consists of the 


strain energy of skins and strain energy of filler. 


Designating through u and v sbifts (during deformgation) of the 
points of the surface of shell in tangential plane and along the 
normal respectively, we obtained for the strain energy of skins per 
the unit of the length y of the boundary of bulge the following 

. e 
expression: 8 { (Mae )a 
oer SG. MRL i ae 
Here § - thickness of skins, p - radius of curvature y, EB - aodulus 


of elasticity, . - Poisson catio. Integration is fulfilled on the 


vicinity of the conditional boundary of bulge 7. 
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Fig. 24. 
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In order to obtain the strain energy of aiddle layer (filler), 
we let us assume that the skins are deformed equally (Fig. 25). In 
this case, in middle layer, are obtained the shearing strains, 
determined of derivative v, and strain energy per unit volume of 
filler will be equal to 
where G - modulus of shear of filler. Respectively the strain energy 
of filler per the unit of the Length of the boundary of bulge will be 

U, = a { v’ ds, 


-* 


where t ~ thickness of filler. 
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Thus, total energy of unit deformation 7 of three-layered shell 


is equal to - : sf ; Bhs . 4 “" | 
\( +S)as+ | v ds 


12 


) 
« « 


—e* 


Further, as for usual shells in §1, we standardize the variables u, 


Vv, S&S, set/assuming 


RI» 


fag Pn. i 
where a - an angle between the osculating plane curved y and the 
tangential planes of surface, but 

2 


e* = opiet 


In this case, for strain energy, is obtained the expression 


— 


e* 
- "tq'lg—"s ='¢ eee Gielen -, = 
0,10 Bees forsee se [oa 
-e 


Fig. 25. 
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Being limited to the case of such shells and their deformations when 
the parameter 5/pa is low, let us replace integration limits on ¢-. 
Then we obtain an Bs = 
O,+ 0, - St f (w+ u2)ds + Serve [ was. 

The feature above the designations of the variables &, 7, 8 for 


simplicity of recording here and subsequently lowers. 
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The form of shell with buige in the zone of powerful local 
bending we will determine from the condition of the minimum of energy 


during the assigned/prescribed coason/general/total deformation 


hah FS 
2-12" V d9a f wds 


-w 


(see §1). Thus, task is reduced to minimize the functional 


U, + U, 
under the condition 


A&A = const. 


We have 


ote { v? ds = tGah 
Consequently, functional U for a three-layered shell differs from the 
appropriate functional for a usuai shell in terms of 
term/component/addend, not dependiug on the varied functions uw, v. 
This means that now the tuactional in question obtains the 
steady-state value with the same u, v, aS in the appropriate task 


from §1. 


Utilizing that obtained into 91 result, we find for the strain 


energy of three-layered shell the expression 
2E8*ath 


GF +O, a gg (Gah. 
a, VirG—ve* "e 
In order to obtain total energy of the deformation of shell, this 


expression it is necessary to integrate over arc curved 7, that 
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limits the region of bulge. 
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The integration of first term in expression U,+U,is carried out 
in §1 chapter 1. If we use the obtained there result, then we will 


obtain 
4nEO* hE 


=2 ———————S—  , 
eee V2 —v)VRR 


where R, and Rz - main radii of curvature in the center of bulge. 


Let us find now 
f U, dsy. 
\ 


We have (§1 chapter 1) 


a=prR,, 


where &, - normal surface curvature of shell in direction y. Since 
VRR; 
A(R, sir’ y + R, cos? y)"? : 
l 
a= "Rsin?q +R, cos? 
ds, = 1(R, sin? g + Ry cos? @)" do. 


2 2 
ads, = 22 (R, sin’ 4 + R, cos g) dg, 
1782 


ee 
p 


k 


that hence we have 


= Gt (R, R2) 
Gnt f d AGt(Rs + Re) ya. 
J U, ds, = ads, = VRRe 


Thus, total energy of the deformation of shell is egual to 


Bn ESA? Gt (Ri + Ra) par 
U=TTi—wVRR | VRE 
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Produced by the externai pressure p work 


Azap VRjR; hi. 
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Now from the condition of the equilibrium of the shell 
a(U -- A)=0, 
where is varied parameter Aj?,, we tind value of the received by shell 


pressure with bulge, i.e@., the critical pressure 
lois 4£6# Gt (R, + R2) 
V3 (1—v) RR; RiRp 


Let us recall that here R, and Rz - main radii of curvature of shell, 
6 - the thickness of skins, t - the thickness of the layer of filler, 
Eand vy - the module/modulus of elasticity and Poisson ratio for 


skins, G - shear modulus for a tiller. 


Formula for p can be presented even in this form: 


4ED°K 
= —AEUK __ 4 ogee, 
P= VTai-w 


where K - Gaussian, and H - mean curvature of shell in the center of 


bulge. 
§2. Special infinitesimal bending of strictly convex surface. 
The application/use of principle B for the study of the loss of 


stability of shells and determination of critical loads assumes the 


construction infinitesimal bending of the surface of shell with 
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discontinuous change on the boundary of the predicted region of 
bulge. In the general case tor arbitrary surface and arbitrary 
boundary of bulge, this task is sufficiently difficult. However, in 
row/series practical of tne isportant tasks of the region of bulging 
are small and have a form, close to ellipse. In these cases for 
shells with sufficient regularity of surface, the task of the 
construction infinitesimal bending indicated can be solved in the 


closed form. This solution will be given in present paragraph. 


Let us recall the formulation of the problem. F ~ regular 
strictly convex surface and G - low elliptical region on it with 
center P. It is required to construct the field infinitesimal bending 
yr, regular everywhere, besides the boundary y of region G where it is 
disruptive, this breakage satisfying the following condition of 
coupling: 

At= oe, 
where e - the unit vector of binormal curved y, and o.- certain 
function, assign/prescribed iengthwise y. In connection with 
concrete/specific/actual application/appendices we still will assume 
that the field r disappears {it vanishes) during removal from the 


region of bulge. 
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1. General idea for bending fields. P ~- center of the region of 
extrusion G. Since the essential deformations of surface F are 
limited to small vicinity of point P, logical to introduce the 
rectangular Cartesian coordinates y, y, z, after accepting tangential 
plane at point P for plane x,y, standard of surface for Z-axis, and 
point itself P in the origin of Coordinates. In this case, if we for 
the direction of axle/axes x, y accept main directioas at point P, 
then surface F near this point can be assigned by the equation 

z= 4 (ax? + by), 
where a and b - the principal curvatures of surface at point P. In 
the simplest case when regioa G is coaxial with the indicatrix of 
curvature at point P, it is assigned by the inequality 
Ax? + By? <1. 
Let us introduce oa the surface of coordinate u, y, set/assuming 


u=xVa, v=yVb. 


In these coordinates our surface is assigned by the equations 


u v Lie » 
= F =——, z= =—(ut+uv). 
co ye TPE i 


t, , ¢ ~ Components of the bending field along the axes x, y, Zz 
respectively. From the equation infinitesimal bending 
drdt=0, 
where r - vector of the point of surface, and r - vector of the 


bending field, is obtained the following system for functions 
bn & 


ae bot, == 0, 
Va * os 
me =0, 
Vb w+ ty 


oe tat pg et te thy = 0 


£ 
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If we from this system exclude functions € and », then for ¢ is 
obtained the equation of Laplace 


ar. art 


Set/assuming 
w= u + iv, 
we can present the common/generai/total expression for component ¢ 
with the aid of analytic complex variable function w 
C= Rel (w). 
As far as two other components of bending field &€ and ". are 
concerned, they through the fuaction €(w) are expressed on the 


formulas 
t= Va Re(— ut (w)+ f cco aw), 


r= VP Re(— vb (w) —1 few) de). 


The obtained represeatation for the bending fields in equal 
degrees is related also to the general case. However, keeping in mind 


the solution of the task of coupling, it is represented by advisable 
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to expression for the which bends tield in the general case to give 


somewhat other foram. 


The region of extrusion G in the general case is assigned by the 
inequality 
G1, x? + 2aixy + Amy* <1. 


Let us introduce the new variables u, y according to the forasulas 
X14 + Ag, 
Y=hyu-, 0. 


Coefficients 1,, of these formulas let us select so that in the 
coordinates u, @@® , surface would be assigned by the equation 


‘a? + 0°), 


z= 


J 

2 

while the region of extrusion G by the ineguality 
Au’ + Bu’? <1. 
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The possibility to select coefficients },, thus is guaranteed by the 
positive certainty of the quadratic foras 

1 

x (ax? + by), ay,x? + 2ayxy + any, 


which by the transformation indicated are led simultaneously to 


canonical fora. 


Let us introduce, furthermore, the variables x, y according to 
the equalities 


x=xVa, v= yVo. 
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This transformation also leads torm of z to the sum of the squares 
to v2 
seq? t+y) ). 
It is obvious, the transformation of the variables Ke ¥ into «, V is 


orthogonal and is assigned by the tormulas 
x==uacos# - using, 


; y=asiné +ucost. 
Consequently, communication/coanection between the variables *, Y and 


u, Vv is establish/installed by the formulas of the fors 
rau cos 6 — usin @), 


y= Fy (usin + vos 0. 


Angle 8 is found from taat condition that our transformation shifts 
the form 


G,,%2 + 2ayyxy + Gy? B Au?+ Bui. 
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Values A and B are the eigenvalues of the fora 
a,x? + 2ayyxy + ayy” 
relative to the form 
ax? + by’, 


therefore, are the roots of the characteristic equation 
ay,—Aa ay 
ao, Qn — Ab 


As shown above, into variable i, 7 bending field is assigned by 


== 0. 


the equalities 
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t=Re (2). 
g= Va Re (— x8 + ftaz). 
n=V6b Re (— ye—if baz), 


where €(Z) - analytic complex variable function Z=xtiy. 


Let us pass in these formulas to to the variables u, y. Noting 


that 


=we?, w=u+iov, 


N? 


let us have 
¢=Rel(w), 
t= Vare} —(ucos @ —vsind)t +e” caw}, 


n=Vo Re} —(usin® + ucos0)t— ie [idw}, 


where t(@) =t we) - analytic complex variable function w. 


Is such representation for the bending surface fields in the 


general case. 


2. Coupling of bending fields rv and r' in simplest case. In p. 1 
(page 134) we found general idea for the bending fields with the aid 


of analytic complex variable function w=utiv. Specifically,, 


¢=Rel(@), 
E= VaRe (— ut (w)+ ftcwaw), 


n= ) >Re (— v6 (w) -- if ccwdw). 
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To the bending field r* corresponds analytic function ¢*(w) within 
region G, i.e., within the ellipse 
A 


B 
<p vl, 
while to the bending field ry corresponds analytic function ¢(w) out 


of the ellipse indicated. 


The which interests us difference in the bending fields to curve 
¥, i-@., with 
Aw+ive=, 
is assigned by formula system: 


At == Re AD (@). ; 
At = VaRe (— atNh&+ ii AL (wy de), 


An= Vb Re (—v i — Lf New as), 
where A¢(w) ~ designates a difference analytic functions ¢(w) and 


¢*(w) on the ellipse 


u? + FoI. 


a|> 


Let us pass from cosplex variable w to variable wo, set/assuming 
w=ho+*. 
Let us select constants A and » in such a way that to the 
circuaference ok 1 from the plane of complex variable » would 


correspond the ellipse 


Bie 
~w@+Fvral 
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on plane w. It is obvious, for this it suffices to subordinate values 
h, pw to the conditions 

Mtp=V 4. a n=] Le 
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On boundary of the region G, i-@-, ON the ellipse 


oe and, therefore, 
u=(A+u)cosq, v=(A— p)sing, 
Let us pass in the formulas, which assign Ar=r--r‘', from the 
variable w to “=. set/assuming 
At (w) = P (g) + (Q(q). 


Then we are have 
A =P, 


Az — Va}Q+n)Pcose+ 

2p [ (a+ wP sing +@—wQcosq) da}. 
An=) b{-@- nt) Psing+ 

+ f(Q—wP cos g—A+wQsing) dy}. 


Let us compose equation by curve y - boundary of the region G on 


surface, after accepting as the parameter on this curved angle #=arg 


w. We have 


*=Va Va 

v A—" 
= = —— sing, 
yet 


— “te = BE + iy cos 29. 
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Thus, our curve is assigned by tue equations 


— A+ ~ = A— i! ing, 
x= Va cosq,. Yy Vo sing 
z= te + 24. cos 2@. 


Let us find the vector of binormal by curve y. Its components 


along the axes x, Y, Z are the minors of the satrix/die 


Page 139. Let us assume 


x’ y’ 


‘ / 
? 
ai =| ow » = 
y 


alt 
7. 


a, = x” 
Lowering the appropriate unpacking/facings, let us give the resultant 


expression for valueS ag, age ay 
— 4 4 
a,=>— VE ave cos'g, 
a, = (4 + 1) Aye sin? 
2 Ya HAL gq, 


22? — 
Vab - 


a,=> 


The condition of the coupling of the bending fields it is 


possible to write in the fora 


At = 04, 
Ay = 04), 
At = 04;, 


after include/connecting the factor, which standardizes the vector of 


binormal, in eo. 


Let us differentiate these conditions of coupling for # and will 
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Substitute in them the obtained above expressions for A:. \). \. We 


h : 
ave (Aty =P’. 
(Aty = — Va [(A +n) P’ cos@ + Q(2 — ns) cos), 
(Any = — Vb (A — 2) P’ sing + Q(A +H) sing). 


The conditions of coupling take the fora 


4 , 
(A +») P’ cose + Q (A — p) cos G = ag A (acos*q)’, 
4 


(A—p) P’ sing+Q (A+ pH) sing SAR a" hadi co (a sin’ gy’, 


} 9 , 
Ss (Ar — % Oo’. 
od ab H*) 
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Including factor 1/Vab in «, we will obtain 


(A+ u) P’ cos @ + Q (A — p) cos p = 4(4 — p) Ap (Go cos’ gq)’, 
(A—p) P’ sing +Q (A+B) sin p= — 4 (A+B) Ap (osin’® gy’, 
P’ = (—p 0’. 


At first glance under these conditions it is possible to 
perceive certain incorrectness of our initial task of bending, since 
function «, in view of arbitcaciness curved y, is actually arbitrary 
function, and for two fuactions P and Q are obtained three equations. 
However, as can easily be seen, the third equation is the consequence 
of first two. Thus, we have in the essence of two equations for two 


functions P and Q, from which they are determined. 


In the which interests us application/appendix where for the 


region of extrusion G is accepted in known sense the simplest form - 
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ellipse, it is advisable to take as « the simplest function, such as 


is constant!, 


FOOTNOTE '. There is the foundations for expecting that both our 
assumptions - that the low region of bulge has a form of ellipse and 
that the function s=const - they escape/ensue from the solution of 
the common/general/total variational problem to which is reduced the 
problem. However, for this, would be required a more detailed 


investigation of a question. ENDFOOTNOTE. 
Entire further examination will be conducted for this case. 


Thus, 


o= const. 
Then 
P=(2—p)a, Q=— brposin 29. 


4 


Consequently, for analytic functions ¢ and ¢*, that assign our 
bending fields, to curve y is satisfied the condition 
t—t = (2? — pp) o — 6Aposin 29. (*) 

Let us find now analytic functions themselves ¢ and ¢*. In this 
case, from function ¢, we will reguire so that determined by it which 
bends the field r out of region G it would disappear at infinity. 
This condition is dictated by the subsequent application/appendices. 


It will be carried out, if we require so that at infinity function ¢ 
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would decrease as 1/w?. 
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Condition (*) determines riemann's known task, which in our case 
has unique solution. Let us find this solution. Let us assume 
g Ww 0’ = fw’? +¢, 


where a, § and c - some constants. 


On boundary of the region G, ieee, with |ob1, will be 


c= <5 = a (vos 24 — isin 29), 
2 
=p(iot+t) +e= 
=f {(A? + ft?) cos 2 +4 (A? — 2) sin Qy + 22m) + €. 
Hence 
t—t' =la — BO? +p’) ] cos 29 — 
— ija+ 6 (A? — p?) | sin 2g — Qayip — ¢. 
Taking now into consideration condition (*), we obtain for constants 


a, B c the following system of equations: 


a - BAY + 1) =, 
a + fi(A? — t*) = Gano, 
— QAup -— ¢ = (17 — pt) a. 


From this system we find 
3p0 a 2). 
p an = , @cm x (2 4 pt j 


After determining functions ¢ and ¢*, we found thereby the 


bending fields r, r* and solved the task of the bending of surface F, 
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placed in p. 1. If initial surface is assigned by vector function r, 
then the isometrically converted surface is assigned by vector 
function rtr* within the region of extrusion and vector function rtr 
out of this region. Vector functions r and +* are determined with the 
aid of analytic functions ¢ and ¢* from the formulas, obtained in 


this Pe ae 
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3. Coupling of bending fields in the general case. Just as in 
the examined simplest case, the bending fields r and r* on the 
boundary y of the region of extrusion satisfy the condition of the 
coupling 

<— 2 =0e, 
where e - a vector of binormal curved y, and « - certain function, 


assign/prescribed in this curve. 


for the bending fields r and r*, occurs the representation with 
the aid of the appropriate analytic functions ¢(w): 


t=Rel(w), 
t= Va Re | —(acos ?— asin ®)f (w) + e/ [sw aw}, 


n= VbRe} —(asin® + vcos 6) f (w) —se" fz iw) dw}. 
For a field r, the function ¢(w) is analytical in the region 


Aw + Bv’? > 1, 
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while for a field r*, the corresponding function ¢*(w) is analytical 
in the region 
Aw + Bu’? <1, 


The boundary of these regions is the ellipse, given by the equation 
Avw+ Bv’=1. 
A difference in the bending fields r-r' by lengthwise curve 7 is 


assigned by the system of tune foraulas 


At = Re At (@). 
At= Va Re | —(ucos ® ~- vsin &) At + e!? f Accw) aw}, 


An= VF Re {—(usin® + wcos 6) Az — te’ f wae}, 


where AC(w) is a difference analytic functions ¢(w) and ¢*(w) on the 
ellipse 


Aw + Bu? =1. 
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Just as in the simplest case, we introduce complex variable we, 


set /assuming 


and constants \, pw we determine from that condition so that to the 
unit circle |u/1 on plane w would correspond the ellipse 
Au? + Bu? = 1. 


For this, it is necessary to require, in order to 


1 I 
VR ee A 9 


On boundary of the region G, i.@., to curve 7, 


w= elt 
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and, therefore, 
u=(2.+ 5) cosp, vs (A- t)sing. 


Let us pass in the formulas, which assign a difference in the 
bending fields Ar by leagthwise curve y, from the variable w toe" 
Set /assuming, as in the simplest case on 7 

Al (w) = P(g) + Q), 
let us have: 
A; = Va Re} ~(@.cos(y + H+ wcos( —q) VP -+ IQ) + 
+ ie’? fet ines. ne!) dq |= 
ae Va | —C.cos(y 4-0) preos(d-- qn? — 
— f asiniy +0) —psin(®— g))Pdg — 


— f Gcosy + 0)— peos(d WI Qdy 
Hence 
3 AD=—V a { (2 cos (q 4- 0) -{-"cos(® —qyyl? 4 

4 (eos (y -t-0)- — pcos (to - -~y) IQ}. 


Analogously it is obtained 


(Any = —Vb (A sin(@ +-q) + # sin(® —q))P" 4- 
Es + Asin(y +9) — —psin(d — 4q))Q}. 
Finally, 
d ts” 
“=~ 
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If we designate the components of the vector of the binormal of 
curve through a4, 42, @3, then the conditions of coupling after 


differentiation with respect to * will be written as follows: 
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ze (Ag) = (a,9)', 
d ; 
Qo (An) = (a,0)’, 
d ’ 
* (Ag) = (a,0)’. 


Let us find expressions tor components 44, a2, 4y and will substitute 


them into these formulas. 


Surface F in coordinates u, vis assigned by the equations 


(u cos ® — vsin), 


i= 


Ja 


y= Vi (asin ® + vcos ), 
z= zu + 0%). 
By lengthwise curve y 
=(2 +) cos@, v=(A— Bp) sing. 


Substituting these values of u, V into the equations of surface, we 


will obtain equations by curve 7: 


ei ySe RES tere eS eeteee: 


=> Tt —=— ((2 + p) cos @ sin & + (A — p) sin pcos #), 
z= ete 4 Au cos 2q. 


With the aid of the equations of curve, we find the components of the 
vector of the binormal 


SS. vee + p)sin ® sin? @— 


a=|’. 7 
- 


onto cE (4 — p) cos 0 cos’ g, 


Ve 
a, = . “(= = EO. - Qs 
~— 7 (A — p) sin 8 cos? g, 
x” ¥ 1 — 
a3 x’ 7 ab (Xd he ). 
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Substituting the obtained values a,, ag, a3 under the conditions 
of coupling and by including factor 1/\/ah in «, we will obtain 


— (2.cos(@+ 8) + pcos (8 —g))P’ —Qiacos(y + 0) — 
—pcos(o —q))= — 4au (o(A + 1) sin & sin? q + 
+ o(2 — pn) cos # cost 4)’, 
~(Asin(g+ 9) +psin(® —@)) P’ — Qasin(g + 8) — 


—psin(d — g)) = 4Au [o(. + 1) cos # sin’ @ — 
—oa(A— psintcostg)’, 


P’ = [a (0? — ))'. 
Multiplying the second equality on , and adding to the first, we 
obtain 


= Pp’ (re! (@+ 4 pte! (@~@)) Q (re! (4 10) je! (0 —@) = 
== (4Ajto (2 + 0) e!® Using —- 4Aj10 (2. — 11) e'® cos’ q)'. 


If now this equality is reduced op -’® and to separate/liberated real 
part of apparent/imaginary, then are obtained the following two 
relationship/ratios: 

iP’ (A + p) cos ¢ + Q(2. — pW) cos p = [4241(2 — py acos'y!’, 


P(A — ) sing + Q(2 + 1) sing = — [42n(2 + wyasintg |’. 


We see that in the general case for functions P and Q is 
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obtained accurately the same systea of equations as in the simplest 
case. Just as there, we set/assune 

o= const. 
Then 


P=(i? —y)0, 
Q = — 6Apa sin 2¢@. 


After this, just as in the examined case, we find analytic 


functions ¢ and ¢*, the assiyning bending field 


t=. <’ =pw?+c, 
p= Ho, a= Ho (2 +p). 
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With the aid of functions ¢ and ¢*, we find through the 
appropriate ‘foreulas the eansse9 fields r and r*, but with ther and 
the vector function, which assigas the isoaetrically converted 


surface. 


3. Loss of stability of the shelis of revolution with the different 


nethods of aongeees 


Among strictly convex hulls most widely used, perhaps, are the 
shells of revolution. Ina connection with this the study of the 
probler concerning the stability ot such shells is of considerable 
practical interest. 10 present paragraph we will examine the loss of 
stability of the convex bulls of cotation with the @ifferent nethods 
of the loading: internal pressure, external pressure and twisting. In 


particular, ve will deteraine critical loads in each of these cases. 


To the study of the problea concerning the stability of the 
shells of revolution we will premise the supplesentary investigation 


of a question concerning tie ioss of stability of flat strictly 
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convex hulls under unifora external pressure. As shown in\t, the 
rigidity of the attachment of the edge of this shell predetersines 
the form of the region ot buige ana the character of the bending 
fields, in which is examined the variational probles for functional 
W=U-A. Now we vill not reguire the special rigidity of the attachaent 
of edge, but vill assune the saaliness of the region of bulge and its 
forrj let us consider it elliptical. | | 
a rae 

1. Loss of stability of strictly convex hull under unifors external 
pressure. Let the loss of stability of shell under external pressure 
be accompanied by the buige of finite domain G of the elliptic fore 
of small size/dinensions. it is logical to consider that region G is 
coaxial with the indicatcix of cucvature in its center P. [In 
particular, region G and indicatrix can be similar and similarly 


arrange/located, which corresponds to the case, exanined int. 

The forma of shell with noticeable bulge we will approach the 
isonetric conversion of initial surface, which is obtained in $2 (see 
end p. 2). 
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In this case, as shown inst, the strain energy of shell is 


concentrated in essence in curve r - boundary of the region of bulge, 
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and per the unit of length by curve y it is detersined from the 


formula 


U pes _ Bhan awh 


Vizd—wyyp 


Here h - aSeRe? sagging/def lection on the region of bulge along 
boundary Y¥°¢ p ~ radius of curvature Ye em angle between the 
osculating plane curved : and tangential planes” of surface, E - 
sodulus of elasticity, v ~ Poisson ratio. 

For the isometric conversion of surface, pap adsabeatieate im \ 2. along 


the boundary y of the region of bulge we have 


h = Rei), 


where (Aj), - a difference along 7 analytic functions, which assign the 
bending fielas out of region G and within this region. _ 


Since the region of, extrusion G is small, then angle a can be 


deter nined fron the foraula 


where k - curvature curved Ye and «, - sornal curvatere of initial 
surface in direction 1 Let us meee k and :., 


Let us introduce as earlier the system of Cartesian coordinates 
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x Yo Be: oer accepting tangential plane - the center of bulge P 


for plane ‘y, noraal to tae surface ~ for Faris, and aa P - in 
the origin of coordinates. of the axes of coordinates ¥ and y is 
directed along tangents to camber lines at point P. Then near point Pp 


surface is assigned. by the equation 
=F (ax e+ by?). 


The first and second quadratic shapes of surface near point P will be 


1 me dx? + dy’, 
We adx?+ bh dy?*. 


Hence for normal surface curvature, is obteined the expression 


adx? + bdy? 
dx’ +dy* ° 


k, = 
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AS shown in § 2, curve 7 is assigned by the equations 


x= pcosg, y=gqsing, 


where 


while \} and e hae: are faned ram we equations 


huey 5, i— nV 
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The constants A and B deteraine the region of bulge G: 


—— 


Ax? + By? <1. 


In view of the fact that region G6 is small, curvatere y can be 
determined according to its pease tsce on plane xy, which is assigned 


by the same tvo equations 


x = pcosq, y= qsing. 


In this case, is obteined the following expression for the curvature: 


See . See) 
(p? sin? @ + g? cos? @)”* 
ape t teeing in the comaon/general/total —— for the 


normal surface curvature of the expression 


dx =— psingdg, dy=qcosqdgq, 


ve will obtain noraal surface curvature in direction y 


te (A+ w)* sin® @ + (A —w)? cost @ 
sin’ @ + g? cos? @ 
If we now substitute the obtained values inte formula for 0 and 
to integrate over arc to curve Ve then we will obtain total energy of 


strain. We have. 


DOC = 78221906 PAGE 20 


(A + wy? sin? p + (4 — pw) cos? @ 2)’ (p? sin ¢ + 4? cos?) ° 
=| p? sin? q + q* cos* © Pq 


ds=(p'sir a+ ? cos? »)* dq. 


Sime 
p 


{Page 189.) Hence 
2n 


d 
j “ds= (A+ wy si? q + A 1)? cos? ¢]? 3h = 
? 
Y 0 


= (AS + pt + 4220) ~ ‘ 


Taking into account values of Pp and gq, we will obtain 


2 ‘ 
[ a dem NE Gas 4 42.2p?), 


y 


Total energy of strain is equal to 


U= [ Tas ——26UA _ mY nee (AS et + 44217) 
‘ Vi2 (l—vw) 2? 


In view of the smallness of on G, during our selection of 
the coordinate systea value h can ‘be taken as equal to a difference 
in the component along the axis z pending fields yr and r® § 2). Ina 


this case, 


h = P(@) == (22 — pr?) a. 


As a result. for the strain raed of shell, is obtained the following 


resul tant expression: 3 


ae ab 
= Fees <4 + at 4 42.2n2), 
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Let us calculate that now produced by the external pressure p 
work A. If a change (during strain) in the volurme, lisited by shell, 


is SO nSan Skye ae thea the work 


— pAV. 


Since region G is small, then essential strains shell 
ex perience/tests only near point P. Therefore value AV is deterained 


with the aid of the integral 
AV = f ftdxdy, 


where € - a shift of the points of surface during strain in the 
direction of fraxis. iG value of aixing ¢ is determined oct ‘two 


enetTt7e functions as) and Fim 
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Speci fical i¥e+ out of the . SAGERM £ of the bulge 


C= Rel(w), 


while within this region — 
C= Rel’ (w). 


(expressions for functions €{m™) and €*{w) they are obtained in § 2.) 


Thus 
av =Rel f fi cwaxdy+ f fiwaxdy}. 
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Here in first ters integration applies to the interior of the ellipse 


while the second =it the remaining part of plane xy 


al 
Transfer/converting from the variables xX, y to to the variables 


v 
OT wa ee: te 


let us have 


( j t (w) dx dy = ae { [e (w) du dv, 


where integration it is fulfilled to the right on the interior of the 


ellipse 
Ap+Fv=l 


on the plane of complex variable w=ut+iv. For corgputing this integral, 


let us exanine the line integral on the boundary of the ellipse 


J=<= § t (w) w dw. 


Converting integral J* to integral by the area of 
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ellipse with the aid of i - QOstrogradskiy*s forsmjula and taktas 


into account the qaalptiaies of fuaction Co CM). ‘let us have 


eee (w) du dev. 
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It is analogous, the integral 


is converted to integral on the exterior of ellipse. Here it is 
subst antial to note that ¢ (@) decreases at infinity as wz. In the 


same direction of conteps; integration of ellipse, it will be 


§ 5 (w) w@ dw = 21 f f &(w) du dv. 


rego nine the obtained expressions of nichaain ian in foraula 
for AV, we will ennnln 


j 1c . - 
AV = ——— Re — 9 (C(w) — 0’ (ew) )waw. 
var Rea § ? ¢ 


Let us note that on the outliae/contour of the integration 


_- 


Sw) ~ ow) A= P+ iQ, 


where P and Q have the following values: 


P=(i? —w)o, Q=— Grnosin 29, 
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Let us now gsove on from the variable w to w, after assuming 
w— hu + “ o 


On plane w the outLine/coatour of integration is the unit circle and, 


therefore, on outline/contour we have j 


«= he's + pre-', 
w—= he + pe!®, 
At = (22 -- p?)o — 3Aua(e* —e 7"). 


Substituting the obtained expressions wv, W, 4¢ in the integral 


a -- 


f At (w)w dw, 


lof=1 
we easily fulfill imtegration and find the folloving 
relationship/ratio: | i 


{ AS (w) w dw = 2nia (A4 + pt 422°). 
lw f= 


Together with this ve obtain 


n 


at (7.' + pt + 4222). 


AV = 


Page 152. 


Consequently, 
bs - on 4 .s é- 


A= Wak (04 + 4 + 422y%, 


Values ys» characterize the fors of the region of bulge, and « 
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- a value of bulge. In connection with this is represented by 


advisable to introduce the single paraneter 


e = m0 (A4+ ut 4222), 


that characterizing the sapercritical deformation of shell. Depending 
on this parargeter, the strain energy of shell and the produced by 


external pressure work are determined from the foraulas 
U = AEM V abe 
V12 ad —vy ’ 


pe 
Vab- 


How froma the condition of the equilibriua of shell at the sosent 


of the belge 
4 (U—A)=0 


ve fina the received by shell load. we have 


4E8Vab_ op =0 
en 4F Bab 
P= Vaa—*)- 


Noting that a also b - principal curvatures of shell in center 
bulge, we can rewrite this foraula in the fora Ta 
— 2F 8? 
‘4 V3 (1—v’) RR, ' 
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where R, and RB, - sain radii of curvature. 

We see that and under sore cosnon/general/total assuaptions 
about the character of the bulge of shell at the sonent of loss of 
stability is obtained the same critical pressure, as in siaplest 


examination of § |. 
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2. Special isometric conversion of convex surface of revolution. 
Experiszent shows that the convex bull of rotation under internal 
pressure can lose stability wita tne formation of the systen of the 
correctly curandul/tecdind elliptical dents along certain parallel 
(Pig. 26). The physical cause for this fora of loss of stability lies 
in the fact that for the dents, elongated in the direction of 
peridians, during the deformation of sheli indicated can occur the 
comnon/general/total increase in the lisited by it volume, in spite 
of the extrusion of shell along the system of dents inside this 


— 


voluse a, 


POOTHOTE 1. It is possible to give another consideration, which 
elucidates the loss of stability of the convex hull of rotation under 
internal pressure. During a specitic ratio between the principal 


curvatures of shell,. internal pressure can cause the appearance of 
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compressive forces in the direction of parallels. These effort/forces 


at their known intensity cause ioss of stability. ESDFOOTHOTE. 


Just as in the preceding/previous exasination, we will approach 
the fora of shell with bulge the isosetric conversion of initial 
surface. In this case, we wili not investigate the parts of this 
conversion and will be restricted to the determination only of such 
values, connected with deforuation, which by us will be necessary 
during the solution of a guestion concerning the stability of shell. 
In particular, us interests @ question concerning that, to what 
extent they separate from one another of the plane of the parallels, 


which ‘limit the Bresen of deats. 


In view of the fact that the deformation of shell out of the 
zone of the appearing dents is snail, the final bending of surface in 
this part can be considered infinitesinal bending. The appropriate 
bending fiela we will determine via the superposition of the bending 
fields, connected with the education/furasation of separate dents. The 
bending field, caused by the education/fornation of one dent (region 


of bulge), we take in the sane fora as it is obtained in § 2. 
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Fig. 26.. 
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A- BEBLSESE? point of aoe which is located on the sarall 
distance of h froe the paraliel y, along which are arrange/located 
the regions ‘of ‘bulge. Let us deteraine & - component of the which 
bends ‘fields in the direction seridian. P - basis/base of the 
geodetic perpendicular, omitted from point A to parallel y. Let us 
introduce the Cartesian coordinates f, Ye t, after aprsEetae tangent 
to meridian for x axis, taageat to parallel for y axis, and noreal to 


the surface for Faris and point P in the origin of coordinates. 


It is logical to assume that the value of component & 
substantially affect only the bulges of shell near point P. 
Therefore, if component of the bending field on meridian fros the 
region of ree vithv-eeiaue 2 is designated E (Xe y)}, then which 
saath us constituting & connected with the advent of an entire 


systen of regions « of bulge. it will be 
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= - ECA. vp) 
where », designate the coordinates of the centers of the adjacent 
regions of bulge. 7 
Let us exagsine in more detail the function =<(x. y). In 


connection with this let us recali that together with by the 
Vv x 
variables ie y ve introduced the variables u, ye connected with by fX, 


y relat tionship/ratios 
xVa=u, yVo=e, 
complex variable 
w=-u+iv 
an complex variable wo, | 
| w= ho+ & 


(ase § 2). aoe a and b = ' principal curvatures in the center of bulge 
P, he s- ‘paraaeters, which characterize the fora of the region of 
bulge. It is substantial to note that for the low regions of balge - 


this eee us will be aanenes -A ana yw they are saall. 


In %2 for component — of the bending field, connected with the 
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advent of one region of bulge, ve obtained the following expression: 


p= VaRe{—a+ fide}, 


where ¢(w) - analytic complex variable function «, which out of the 
region of bulge is deterained fros the formula 
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Substituting this value ¢ in formula for & and fulfilling 
integration, we will obtain : . 


Let us note that at the bounded below walue (|w| the corresponding 
value w, determined by the relationship/ratio 


w= hw + ‘, 


with seall ones A and yp is sufficiently great in absolate value. 
Therefore with small ones \ and ters/conponent/addena p/3e3 in 
formula for * can be disregarded; furthermore, it is i acs to 


count that 


w= ho 


If we consider these observations, then forsula for component &€ can 


DOC = 78227906 PAGE 92, | 


be preseaten | an the fodjenios entcanted forsa: 


‘ as , { « ae 
= da \ a Re | ar oer 


Isolating real part, we will obtain 
AY oe \ 
t= —NaVau Tat port * 
How 


je VP yi 


Then 


where 


uh Va. 


Addition in the right side of the equality by hypothesis applies to 
adjacent regions. However, in view of rapid convergence of series, it 
is possible to count that the addation is fulfilled on all k, ‘ese 
that ‘ie 7 ae 


§=—AMay au 


i. 
at +a) 
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with a sufficient denseness of the placement of the area of 


bulge, that is the sarali 


At == v,— Up—ie 


the addition in forrgula for @ can be replaced with integration. Then 


we obtain 


Or, by producing replaceseat with variable 


~ 


v=uat, 
let as find 
~ xaVa r dt 
aoa a+ey: 
We have 
—— 
J G+eyP 2 
Therefore 
fa — Ve 
an 9 Av 


Introducing here the value 


o=— Ht a+p)s, 


ve will obtein the following final foreula for =: 


caw rE Lo! — 
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: Fae Sn Vo (A? + pio 

) 2 Av . 

If point Adis eter from another side of the zone of the regions of 
bulge, then it during the defor sation in question will obtain in 


accuracy/precision the sane shift .in meridian, but in the opposite 


direction. 
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Hence it follows that the which interests us reaoval of the planes of 
parallels, which linit the zone of the regicns of bulge, it occurs to 


value 


ay 3n Va Au (A? +?) 0 cosa 
Se ’ 


where a - an angle between the tangent to meridian and the axle/aris 


of surface. If we introduce instead of ¥ variable 


Vv 


— 


oS we. 
that 


gas x y & dye (22 + 1) 0. 


Let us recall that here a and b ~ norral curvateres of surface in 


direction ner idian and parallel respectively, ay - distance between 


- 
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centers of the adjacent regions of bulge, while Ayp({ A#tp?)e - value, 


which characterizes the separately undertaken region of bulge. 


By the determination of value « we will finish our exasination 
of isonet rically converted surface and will pass to the investigation 


of a question concerning the stability of shell. 


3. Critical internal pressure for convex hull of rotation. The 
critical internal pressure, by whach occurs +h loss of stability of 
the shell of revolution with the formation of the systea of the 
regions of bulge along certain parallel, ve vill determine, exasining 
elastic equilibrium with noticeabie bulge. The condition of the 


equilibrius 


d(l) — A)=0, 


where U0 - strain energy of shell, a - produced by pressure vork. 


Por energy U, of the deformation of shell, connected with the 


bulge of one ‘region, in. pe. t we found the expression 


eine 4 | 
U,= = Via (AS + t+ 4202p). 


If we a nuaber of regions of bulge designate n, “then the 


conmon/general/total etraia energy of shell will be 


= as. 0 (A4 + pt + 422?) a. 


939 


Page 158... 


Let us turn now to work A. If the connected with bulge change in 
the volune, limited by shell, is designated AV, then to work it is 


equal to. 


‘any i, 


where p - iaternal pressure... 


Let us conduct perpendicularly to the axle/azis of the surface 
two planes, which limit the zone of the regions of bulge. A change in 
the voluse AV is caused by the renoval of the planes cond acted during 
the deformation of sheli and by the education/forsation of very 


regions of bulge. Let us designate counterparts 4V through ay, and 
wei ee se Sake Pi 


Value AV, is negative and for one region of bulge is detersined 
fron forsula (st. .p-. 1) 


AV; == — 


V ab (A* + t+ 4222), 


Coaseguently, for all a of the regions 
AV, = — va (4+ et + 42.212) 2. 
Purther, we have 


AV, = np%e, 
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where p - a radius of the parallel, along which are arrange/located 
the regions of bulge, and e€- resoval of the planes of parallels, 
which ‘linit the zone of ‘the regions of bulge, during the deformation 
of shell. Substituting here. the value e, found ‘in pe 2 ve will 


obtain 


Av, = ap" vz Au (22 + H?) 0 cos a. 


Thus, for work A, produced Pes the internal pressure p, is 
obtained the expression 


2 
‘Meas the mo (A4 1 Av) pe rs 


+ np? FZ hl he * iu (A2 + 0) op cos a. 


Record/fixzing the fora of the region of bulge (parameters A, pe 


let wes vary sagging/deflection in the regions of bulge (paraneter e)- 
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Then from the moeseceens of the > equilibriua 


++ ites eget 


WU A)=0 


is obtained the folloviag ‘relationship/ratio for the value of 
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pressure p, received by shell with the bulge: 


DEO AV ab ons 4 tp 4nzn2) + oe (MH et + AE Op — 
VYind—w) V ab 


an ore 60 ’ : 
Sp ~~ J (Ae pe) pcos a = 0. 
— mm cy TMA BD 


Multiplying this relationship/ratio on 


AY Vuh, 
and noting that 
Ayn = 29, 


let us have 


4E &ab 2 
_4E Sab (44 yt 4 443%) + 
V12(1— v’) 


$ (ad + wht 42°) P - * aay (A? + m2) pcos a= 0. 


Let us divide this relationship/ratio on 


9 


ae a 


and let us assume 


au 
ce siF 
We will obtain 
AE Sab Ss. 
Vi2(1—v*) 2 1420 


Hence 
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4F Sah | 
~ YRC — v*) Bap cose g, es 


where % 


The parameter 4° by known fora is expressed as the paraseters 
he «p aad, therefore, it ebaracterizes the fors of the region of 
bulge. let as explain the interval of the allowed values of ‘the 


parameter 0°. 
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For this let us, first of ail, note that value 


is snenates anteses isco and tae. cohen 9° monotonically depends 


on ’. ‘since. 


a= 7 Sern >0. 


Consequently, -g¢ is dmcluded between ~1/3 and +1/3. 
Taking into account the iaterval of the allowed values 9° we 


consist that the small pressure at which the shell can lose stability 


ees oe 
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with bulge along the assigned/prescribed parallel, is determined from 


the forrgjula 


QE Sab 1 


~Va— v?) + EEE 
Let us recall that in this foraula a and b - normal surface 
curvatures atone meridian and parallel respectively, radius of 
paraliet, e- saghe between the tangent to meridian and the arle/axis 
of surface. If ve into this formula introduce the main radii ‘of 


curvature of Reobece: Ry an and or 


1 
a= 7 aac 
and to note that 
cosa 1 
p  -R:’ 
then our forraula takes the fors 
no 
~ VIi=-wWRRe —_f_- — 
V ( Ve82 ORR 1 


The anal value. p we was obtained, . saaaeitaeesreaaane v=17. fo this 


valee 6° corresponds $= 1/2. Grate, 


the this is hacia nig only with A= But this seans that the ——o of 


bulge, given by the equations 
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A+h 


x= ar cosqg, yo 


sing, 


rai 


degenerates in aris intercept % (meridian) . 
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The physical sense of this result lies in the fact that the appearing 
as a result losses of stability of the sheli of dent aust be strongly 
elongated along meridians. This ‘Feally/actually is observed ‘in the 


appropriate experinents.. 


Let us use the obtained by us forgsula to the determination of 
critical pressure for the oblate ellipsoid of rotation. a and b- 
sesi-axis of ellipsoia, b<a. Ia view of the fact that the Gaussian 
curvature of the. oblate ellipsoia monotonically “increases in 
proportion to approach/approximation to the equator together with 
radius of RaNatAee Pe ainigurm p is obtained with bulge along eguator. 


At the } equator 


Heace 
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In the case of strongly ohlate ellipsoid (b<<a) 


4Ee 


iy eral 
V 3(l—v?) a 


It is substantial to note that the value of critical pias tris with 


any of flattening does not aescend below this value. 


4%. Loss of commences of convex hull of rotation under external 
pressure. Ins lana p-.1 of present ‘paragraph, was examined a “question 


concerning the ‘loss of stability of flat convex “hull under external 


pressure. In this case, for value p of critical pressure, was found 


the foraula 


2E8* 


= Ta 


Obtaining this result, we Saniciaiat determination by that peseeeet by 


external pressure the work 


A= pAV 


utilized an assumption about the flatness of shell. Specifically,, a 
change in the vo luse Ve | lisitea by shell, we calculated —eeennes to 


the feraela 


AV =f [tdxdy, 


Ly 
ypher 
gae ¢ - component plong: the umanas z of the sense field during the 


defor sation of shell. 
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This foraula would be precise, if the bending field was perpendicular 


to plane xy..,Im aectwality this can be considered carried out oaly 
near the center of bulge. Ia conection with this for unsloped shell, 
we can expect another result about the value of external critical 
PEPER ELE Let us exani ne this question for the convex hulls of 


rotation. 


Let us assume that the convex hull of rotation under the action 
of external pEpsware loses stability with the formation of the systen 
of the dents, arrange/located along certain parallel (Fig. 27). 
Judging according to the result, obtained in p. 2, it is possible to 
think that this fore of loss of stability can realize itself, if the 
dent greatly stretched along the parallel on which they are 
arrange/located. just as in the case of internal pressure, a change 
(during deformation) of the voluse, lisited by shell, ve will corgpose 
of two parts - AV, and AV,: AV, - decrease of volume, connected 
directly with the ed@ucation/forrzation of the regions of bulge, and 
AV, is caused proxisity of the planes of parallels, which limit the 


zone of the regions of bulge. We have 
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BV = ae ME at + 420) 0 
a 
AV, =— mp? = Due (22 + p*) 0 cos a. 
Consequently, the conducted by the external pressure p work during 
the deformation of sheli is egual to 


™m 


A= er (24+ t+ 422?) pa — 


3n a 
_— a ie Au (A? + a?) op cosa. 


This foraula differs only ia teras. of signa froa the appropriate 


forsula for the case of internal pressure. 
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Soo oF 


Fig. 22. 
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As far as strain Cotes is preeetante for it remains the 


previous expression 


— 26 6720 vs ab 


= Tha K ee ee yon 


Just as in the case of internal eat aatal from the condition of 


the equi librius of the paeit 


da in 


we obtain the following relationship/ratio for the value of pressure 


Pp, received by shell with the bulge: 


ee Ved s+ t+ 4i42)n — 


_ rar + t+ 4222) np + 
a 


+ ap? — 2 8/4 a? +p?) pcosa=0. 


This relationship/ratio by known method is sisplified and, being 
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solved relative to p, it gives for it the following value: 


a 4E Sab ] 
P= VRa—~*) — ees or + | 


where, as before, 


The small value p is obtained at the greatest in absolate value 
BAGEt see value 6°, that is. with ace 

If this value ais substituted into formula for p, then ve will 
ts is sy cies Bs ae oc toes & by 


4E &ab 1 


VY 12(1—v*) 4 


p= ———————— 
zy cosa+l 
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Applicationsuse of this forsula for slightly curved shells gives 


the value, which differs sittle £ros that obtained earlier 


+ de oe -_— 


p= 2E 5*ab 
V 3 — vi)! 


since for slightly curved shelis e~e/2 and, therefore, cos a=d. 


Let us ore the fora of the ee of bulge. So kA 8*#=-1/3, 


oe 


then $=-1/2. Bence it follows that A=-p. The region of bulge. is 


assigned by the eguation | 


With A=-p our ellipse degenerates in axis intercept y. Physically 
this neans that the regions of bulge with the loss of stability of 
shell under external pressure are strongly elongated along parallel. 


Just as in the case of internal pressure, foraula for a critical 


load can be converted to tne fora 
whe 4ES? l 

~VRa—-wy)RR _? ; 

V 12 (1 —v*) RR, hk +! 


or 
2E8? 


1 
P= V3a—*) ca + RiRy 


Let us recall that here RB, and Ss main radii of curvature of shell 


along the parallel where occurs bulge, p - a radius of parallel. 


As the application/appeadix of the obtained result, let us 
exasine the. loss of stability of closed spherical shell of radius RB. 


Here 

R,=R, Ry=R. 
Siniees p is obtained with prt that is, during 
education/forzation indentation along equator. For the value of 


critical pressure, is obtained the foravla 
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ae 
P= Vsai—wR 


|r 
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Thus, the obtained value composes 2/3 from the value, obtained for 


slightly curved shells. 


Observation. According to data some experiments above spherical 
segnents, described in A. S. You*mar's book [9]. the bulge under 
external pressure begins at the edge of segnent. It is possible to 
think that in this case occurs the loss of stability, examined in 


present pointsites.. 


5- Loss of stability of covex shell of revolution during 
twisting. The shell of revolution, which is located under the action 
of the torsional rsoment, applied to the edge of shell, can lose 
stability with the educatioa/tormation of the regions of bulge, 
sloped toward meridian (Pig. 28). Let us exasine a question 


concerning torque, calling the loss of stability of this fore. 


Approaching the deforaea surface of shell by the isometric 
conversion of initial fora, we wili use the same considerations, as 


in p. 2 for the case of internal pressure. In view of the fact that 
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the regions of bulge are sloped toward meridian, occurs the twisting 
of shell to certain angle e Let us determine the value of this 


ee em eee tees 8s 


angle. 


Let us take on surface the acbitrary point A out of the zone of 
the regions of bulge, but near this zone, and let us find the shift 
of this point along parallel during the deforeation of shell in 
question. Let us conduct from point A perpendicular to parallel 7, 
where are arrange/located the ceaters of bulge, and let us designate 
through P the basis/base of this perpendicular. dust as in p. 2. we 
introduce Cartesian coocdinates, atter accepting point P in the 
origin of coordinates, ‘tangential plane at this ‘point for plane xy, 


an@ x axis it is directed hong; the meridian of surface. 


| - ( @. 
ji 7 ~ which interests us shift of point A. Then, assuming that 


value } substantially affect only the region of the bulges, located 


near point P, we can write 


I= ZT, Ya): 
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Fig-e 28. 
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Here (x,y) - are components along the axis y of the menatns field, 
which corresponds to the reghen of bulge was center P, h - distance 
of point A fron parallel y, and y», - eventinete of the centers of 


the regions of bulge, clase to a 


let us examine the function Bie It is expressed as analytic 


function 
<3 
on the foragula 
n=aVb Re! —(usin® + vcos )— ie” f tdw}. 


Substituting in this formula [=a and noting that 


w=lo+t, 


poc = 78227906 PAGE 


let as have 


ea) ama main — 


For the low regs 08 of malate the value | is great. Therefore 


it is possible to count that 


< 10 
n=aVPb Re{ — “snetecess) 5 Oe }. 


On the same reason 


Thas, 


n= ait VB Re{ — Gtne-tvce) 4 ey. 
bw es us Vv 
Let us pass from the variabies ue J to cf y- We have 


sayseet — usin ®), 
y= ae (a sin 8 + v cos ), 


xVatiyVb =(u + tye = we’, 


ax?+by=u+ve=|wf. 
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with the aid of these relationship/rutios the expression for , is 


converted to the | fore 
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2y9 Vb cos 20 — (3xy%e Va 4. 8a VG) sin 20 


H=2A-u\h (ax? + by*)? 


Sebstitating this value in expression i, let us have 

~ oe O20 Wb Vv ype I b cos 20 — (3hyjb vad Wad a) sin 20 

y 4-7 | _ (ah? 4-3.) 

In view of the fact that the regions of bulge are airs dcia-s 
syanetrically relative to point ae summation over first ters can be 
dropsonitted, after accepting 


2 BayehVa + haba 
y=— 27a | b sin2d ov wise. side 
“_ (ah- + by) 


It is further, as in p. 2. in cigkt side of ee we pass to 


integral. specifically., sot/assuning 


let us have 


2324 Vb sin 20 ( Bayo V'a + ba Va 


yo —- 


Ay (ah? + by?) dy. 
Introducing nev the variable t 
i= / a 
) ny sf 
we will obtain 
= - 2Aa sin 20 3? +1 dt. 


Ay ’ (1 +)? 
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We have 
uf Tea dt= 2a 
Therefore 
ery 
Introducing. here 
a= — * (A? + BR) 6, 


we will obtain final foraula for 7 


~-- 


~ _ 12mAp (A? + 1?) 0 sin 20 
bse J Ay ae a) 
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As one would expect, the shift | n of point aA does not depend on 


ai stance of. ai: 


Now it is poset hie to deteraine angle of twist « [f we 


designate through p a radius. otf the parallel Ve Reet which are 


ete cence te ae 


arrange/located | the | regions of baapite mae 


a 


eee in Strip (A+ yu?) 9 sin 20 
p 


p Ay 


| Produced by torque/monent Py work with bulge is equal to 
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ee 24nAp (A? +*) 0M sin 20 
p Ay 


Let us find now strain energy U. In ¢ 1} for strain energy 0 per 
the unit of the length of the boundary of bulge is obtained the 


formula (page 109) 


—— at too Bo-ges 0 


OG wx — 2EOTe 

V 1201 —v*) 

Here a ~ angle betveen the osculating plane curve y, that limits the 
region of bulge, ana by the ‘tangential Planes of surface, k - 
curvature curved ¥, 2.7 sagging/deflection in the region of 


bulge. 


in the coordinate systea which is introduced above, our surface 


near point P is assigned by the equation 


= + (ax? + by?). 


Curve 7 is assigned on it by the equations 


u=(A+p)cosg, v=(A-— p)sing. 


The variables u, y are connected with by Je y foraulas 


] 
x= [e (ucosd —vsin 6), 


1 
y= x (usind + vcos 6). 
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Por the low ween of r(DEAIEs ‘it is possible to count 


where k - curvature curved 7, k, ~ normal curvature of initial 


surface in a@irection Y- Coumon/general/t otal expression of the norreal 


curvature 


adx*?+bdy? 


= 


Substituting mere the values 


r=Te {(A +-) cos y cos # — (A — p) sing sin #), 


=F {(2. +- 4) cos @ sin & + (A — p) sing cos $}, 


we will obtain normal surface curvature in direction 7: 


seer 


2 /2 
ha See 
& , 
apy 


where the differentiation is fulfillea according to variable #. 


For the low region of wanes the curvature y can be deternined 
sogerssay to its projection on plane xy. We will obtain 
han XY —y"s'| 
(x’? + y’*) la 


element of arc to curve 7 is equal to 
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ds = (x4 y’* dg. 


Let us calculate now the Bertenes 


(ax! by 
[eae | Tay" ya" dq. 
Y 
We have 
/ y feet Pa. = Bh > 2 
ax” + by” = (i. +p)? sin? y + (A — BY cos? @. 
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Substituting these values in integrand, we find 


( a&kds = Ys (04 + ps + 4221”). 


y 


Total energy of deforsation for one region of bulge is equal to 


See — 


“4 2E8°h 2 b 
U= f Oas,=- PAV OE A+ ht 4224), 


/‘P2a—v) art— 


Substituting here 


h = (72 — 12)a, 7 


we vill obtain 


2E5722 V ab 
U= » SEPANG Ga +t 4n2u2) 9. 


DOC = 78222906 PAGE 5b 


Strain energy on all n to the regions of bulge is equal to 


,__ 2Eb22n V ab 


= — (A 4+ 47.22) on. 
V12(1—v?) ba a 


Now from the condition of the equilibriua of the shell 


d 
ao (U —A)=0 


we obtain relationshipratio for ‘torgue/sonent a, calling the loss of 


stability of the shell: 


eben ab 


24+ t+ 4272p?) n — 
Via =A + Hi 422?) 


__ 24/4 (2.2 — wn?) M - sin 26 


= 0. 
p Ay 


Hence, noting that 


n Ay = 2n9, tes 


we will obtain 


EES + 2e%) — 3eM sin 20 = 0, 


yi2a— 
where 
2 
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The small value # is obtained at«:=| and 8=45°. this value is 


Pe -n +e 
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determined from the foraula 


a ca Vad 
VYRa—+) 


M= SS 


or ay 
apr ES 


~ YRGd—vwVRR, - 


Here Rs and ~~ - ens radii of curvature along the parallel where 


occurs bulge, fis a radius of this. parallel. 

In conclusion let as note that the loss of stability under the 
action of the torsional nonent 4 is accompanied by the 
education/formation of strongly elongated dents (¢=1 5), shoped toward 


oa -* 


meridian at angle of a=45°. 
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Page 172. 
Chapter Three. 
CYLINDRICAL SHELLS DURING SUPERCRITICAL DEFORMATIONS. 


Among the shells, whick are encountered in real 
construction/designs, most widely used are the shells, which have the 
form of developable surfaces. To a considerable degree this is 
explained by simplicity of their obtaining from sheet material. Among 
the developable shells most widely used, perhaps, are cylindrical. In 
connection with this the study of the strength properties of these 


shells is of great practical interest. 


Cylindrical shell as the element of construction/design can work 
under varied conditions of loading. Among them basic are: axial 
compression, external pressure and twisting. Usually the 
decomposition of shell occurs as a result of the loss of stability. 
The supercritical deformations which in this case appear, lead to 
stress concentration in the specific zones, that also leads finally 


to decomposition. In connection with this appears the natural task of 
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the determination of the elastic states of shell during supercritical 


deformations. 


In present chapter we investigate the supercritical elastic 
states of cylindrical shells in basic load cases: axial compression 
(§1), external pressure (§2) and twisting (§3). Just as in the case 
of strictly convex hulls (Chapter 1), this investigation will be 
based on principle A. The result of investigation will be the 
complete description of supercritical elastic state, in particular, 


the determination of lower critical loads. 


The methods, developed in tais chapter, can be used also to the 
case of conical shells. In regard to this see works [10], [11] Vv. I. 


Babenko in {12] V. V. Mixallova. 
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§1. Supercritical deformations of cylindrical shells during axial 


compression. 


As noted above, proposed study of the supercritical elastic 
states of cylindrical shell wili be based on the use of principle A. 
The application/use of this principle assumes the investigation of 


the possible isometric transform@ations of the initial surface of 
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shell. Therefore we will begin our study with the study of these 


transformations, 


1. Special isometric transformation of cylindrical surface. 
Experiment shows that the supercritical deformation of the 
geometrically modern cylindrical shell during axial compression 
possesses the specific correctness of structure. Specifically,, is 
observed the distinct periodicity of the form of the deformed surface 
on circumference and height/altitude of shell. In connection with 
this we narrow our task and are limited to the examination of the 
isometric transformations, which possess the correctness of structure 


indicated. 


Let us take correct pris@ wita even number of sides (2n) and 
will conduct on one of its side taces a, the arbitrary smooth curve 
Yor Which is unambiguously design/projected for the axle/axis of 
prisa (Fig. 29a). It is reflected curve 7, mirror in plane f, passing 
through the lateral edge face a, and the axle/axis of prism. In this 
case, to obtain the curve yz, which lies at side face az, adjacent 
a,- Then we analogously plot a curve yg in face ay, adjacent az, and 


so forth. So in each face «a, let us construct curve j,. 


Let us conduct now through curves y, and yo the cylindrical 
surface Z,2 with generatrices, perpendicular to plane ps. Let us 


analogously construct the cylindrical surfaces Z2z5, Z3, and so forth. 
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Surfaces 242, Zo34 +++ compose the tubular surface of Z, everywhere 
smooth, besides fin/edges yuu Yau --- (Fig. 29b). It is confirmed 


that constructed thus surface Z is isometric to cylinder. 


In order this to demonstrate, let us show first that surface Z 
is locally isometric plane, i.e., that each point of this surface has 
vicinity, isometric to the piece of plane. This is obvious for the 


points, which do not lie on finfedges y, of surface. Let us examine 
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the points on one of curves \;. Yg- 


It is reflected surface 22,3 mirror in the plane of face ag. 
Obtained in this case surface Z*z3 is the continuation of surface Z,2 
beyond edge yz in the fora of cylindrical surface. The surface, 
comprised of Zy2 and Z*33 as is cylindrical, by lengthwise curve y2 
it is locally isometric plane. Hence it follows that along this 
curved the surface, Comprised of Z,2 and 2,3 and, consequently, also 


Z, is also locally isometric plane. 


The given construction/desiga allows to easily conclude also 
that the closed broken line y, comprised of linear generator surfaces 


Zaoae Zaze +eee 1-@., the intersection of surface of Z with plane, 


perpendicular to axle/axis of prism, is closed reodetic., The two 
considerations presented (concerning the local isonetry of nlane and the 
closed preodetic} it is sufficient in order to conclude about the 


isometry of surface 7 to cthreular seyvlinder. 


Let us determine a radius of the cylinder, isometric of surface 
Z. For this, let us examine the intersection of surface of 2 with the 
plane, perpendicular to the axle/axis of prism. As it was shown, 
obtained in this case closed broken line 7 is geodetic, and therefore 
its length L is connected with radius R of cylinder by the 


relationship/ratio 


L=2nR. 
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Broken line 7 is entered in the correct 2n- angle plate 7g, on 
which the plane at which lie/rests 7, intersects the lateral surface 
of prism (Fig. 30). Since both sides 7 with the sides of polygon Yq 
form equal angles (w/2n), then independent of form broken line 7 has 
always some and the same perimeter L, equal to the perimeter of 
correct 2n- angle plate witan apex/vertexes in the middles of the 


sides of polygon Yo: 
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Now does not compose the work to find the perimeter of broken line 7 
and, consequently, also radius R of the cylinder, isometric of 


surface Z. 


The given consideration permits to draw an important conclusion. 
Specifically,, a radius of cylinder, isometric Z, does not depend on 
which was undertaken curve y on the face of prism a, during the 


construction of surface of Z. 


Let us conduct through the axle/axis of prism and one of its 
lateral edges plane. It will cross surface of Z according to certain 
curve y. On the surface of the circular cylinder to which is 
isometric surface Z, curved 7 on isometry corresponds linear 


generator. Consequently, length curved Y is equal to the 
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height/altitude of cylinder, isometric Z, and it does not depend on 
that, through which of the lateral edges is carried out the secant 


plane, which is determining curve 7. 


Let us assume now that curved 7, on the side face a,, with the 
aid of which construction/design described above is obtained surface 
Z, by arbitrary form is deformed, out so that the length curve 7 is 
retained. In this case, surface Z is also deformed. And since a 
radius and a height/altatude of cylinder, isometric 2, does not 
change, then this deformation is geometric bending. With the aid of 
this bending we will approach elastic deformation of cylindrical 


shell in supercritical stage. 


In connection with the application/use of principle A to the 
investigation of the supercritical elastic states of cylindrical 
shells during axial compression us gsust examine the functional 

W=U—A 
on many all isometric transformations of cylindrical surface, which 


possess the periodicity of structure. 
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If as curve y, with the aid of which is constructed in a manner 
described above surface Z, to take periodic curve, then surface Z 
will possess this periodicity. On arises the guestion, any whether 
isometric to cylinder the surtace, which possesses the periodicity of 
structure, can be constructed thus. Let us show that this is 


really/actual thus. 


Let certain surface Z possess the periodicity of structure on 
height/faltitude and in circular direction. It is required to show 
that it is obtained construction/design described above. Retaining 
the succession of designations, let us call/name B one of the radial 
planes of the symmetry of surface Z (Fig. 31). This plane intersects 
surface according to certain curve 7. P - arbitrary point in this 


curve. Since surface 2 developing, then through each of its points, 
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in particular through point P, passes lineac generator g(P). If we 
assume for simplicity that the surrace 2 does not contain flat/plane 
pieces, then linear generator g(P), passing through point P, will be 


only. 


In view of the symmetry of surface Z relative to plane f, linear 
generator 9(P), being only, lie/rests either at plane § or it is 
perpendicular to this plane. The first possibility is eliminated, 
since otherwise the transition of cylindrical surface into surface of 
Z is not accompanied by axial compression. Thus, linear generator 
surfaces at the points lines ¥ must be perpendicular to plane f, and 
therefore parallel to one another. But this that means that surface Z 
near line y must be cylindrical surface, with generatrices, 
perpendicular to the plane of symmetry §. The same structure has 


surface of Z from opposite side near line 7. 


Since surface Z has n of planes of symmetry, then it aust 
consist of 2n cylindrical surfaces, with generatrices, perpendicular 


to these planes. 
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Being so it is arranged, surface Z must have special lines - 
fin/fedge. y - one of such tin/fedges, and Z,y, Z, - cylindrical 
surfaces which intersect on this fin/edge (Fig. 32). Since surface Z 
is locally isometric plane, then surfaces Z, and Z, cannot be 
completely arbitrary. Let us establish communication/connection 


between then. 


let ¥ - intersection of surface Z, with the plane of symmetry 2, 
perpendicular to its generatrices. Curve 7 is geodetic line. Let us 
characterize the position of the arbitrary point P of curve y 
distance u(s) of this point from 7 on generatrix (s - arc lengthwise 


V: Fig. 31). Since surface Z is locally isometric plane, then the sun 
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of the geodetic curvatures of line y on surfaces Z, and Z>z must be 
equal to zero. In the assigned/prescribed surface Z, and the 
direction of generatrices surfaces 2,, this condition gives certain 
differential second order equation for function u(s): 

u” = glu’, s). (*) 
From the uniqueness of the solution of this equation, it follows that 
curve y is determined unambiguously (on surface 2,), if is 


assign/prescribed its any point and direction in it. 


In view of the periodicity of the structure of surface of Z on 
height/faltitude, on line y will be located such point Ppy, at which 
the tangent to it is parallel to the axle/axis of the surface 
(axle/axis we we call straight line along which intersects the planes 
of symmetry). Let us conduct through point P, the plane a, parallel 
to the axle/axis of surface, so that generatrices of surfaces Z, and 
Zo, that proceed from point Pg, would compose equal angles with plane 
a and would be arrange/located along its one side. Let y' - it is 
curved on which the plane a intersects surface Z, and its 
continuation for curve y. Curve y' ~- satisfies equation (*). The 
corresponding surface Z', is constructed by mirror reflection in the 
plane a of that part of surface Z, and of its continuation, that is 


located beyond curve 7'. 


poc = 78221907 PAGE 7.54 


Page 178. 


Since curves y and 7* have common point (Py) and direction in it, 
then they coincide. Hence it follows that surface 2 is obtained 
construction/design described above. Plane a is one of the faces of 


prisa. 


In connection with the Computation of the functional 
W=U—A 
during the isometric transformations of the initial surface of shell, 
let us determine some values tor that constructed, isometric to 


cylinder, surface Z. 


Let us designate a one of the faces of prism, into which is 


entered surface Z. The fin/edge of this surface, which lies at face 
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a, let us designate y. Let us conduct through the axle/axis of prisa 
and the lateral edge of face a piane ff, and its intersection with 
surface of Z2 let us designate 7° Curve y is normal section of surface 


of Z, perpendicular to generatraices. 


Let us introduce in the piane of face a the rectangular 
Cartesian system of coordinates x, y, after accepting for x axis 
straight line, parallel to the lateral edges of face and which passes 
in the middle between the mini ones, but for y axis ~ the 
direct/straight, perpendicular x axis. Let in these coordinates the 
fin/edge y of surface Z be assigned by the equation 

y= y(x). 

In plane §, let us also introduce the rectangular Cartesian 
coordinate system, after acceptiag for x and y axes of the projection 
of the coordinate axes, introduced in plane a. In these coordinates 
normal section 7 of surface of 4 is assigned by the equation 

y= y (x) = sin = y (x). 
We will assume n sufficieat to large ones, and therefore it is 
possible to count that 
9 (x) = oe y (2). 
On known formula the curvature of the fin/edge 7 of surface Z is 


equal to 
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Normal surface curvature Z in the section/cut, perpendicular to 
generatrices, will be 
Assuming n large, we will drop/omit term y*? in the denominator of 
this formula. Then we obtain 

k= y". 


Or, introducing instead of ¥ function y, 


a y". 


k= >} 

Let us determine the angle 8 which forms the plane of the 
fin/edge y of surface Z with tangential planes. For this purpose, the 
system of coordinates xy in plane g let us supplement to the 
three-dimensional system of coordinates xyz. In this coordinate 
system, the angular coefticients ot the plane of fin/edge y, i.e., 
plane a, will be 0, 1,-s#/2n, the angular coefficients of the 
tangential plane of surface will be wy'/2n, 1, 0. The angle between 
planes is equal to the angle between vectors (0, 1,-w/2n), (wy*/2n, 
1, 0). Hence for an angle 8 with large n, is obtained the following 
value: 

=F Vi+y?. 
Let us find axial compression during the isometric 


transformation of circular cylinder into surface of Z. Let us call on 


cylinder region G, situated between two section/cuts, perpendicular 
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to axle/axis and distant from each other up to distance of b. 

Isometric by it region 7c oa surface of 2% is limited by two planes, 
perpendicular to the axle/axis of prism and distant from each other 
at certain distance b*. The axial compression, under discussion, to 


eat difference b-b'=Ab. 


Height/altitude b of peit/zone G on cylinder, as shown above, is 


equal to length curved 7 on surface Z,. 
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Consequently, 
b= f Vi+y" ax, 
where the integration is fulfilled on the height/altitude of 
belt/zone 4, of surface Z, and 
faxao. 


Assuming, as before y‘2 smali, we can write 


b ~ fli + Y )ax—o't ae f y?ax. 
Hence ; 


Ab~ 2; f y? dx. 
Let us assume now that function y(x), that assigns curve 7, is 
periodic and even. 77 - number of complete waves curved y.- Let us 
conduct through the apexes of curve y plane, perpendicular to the 


axle/axis of prism, and will call/name their horizontal section/cuts. 


A a ees 
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Furthermore, let us conduct the half-planes through the axle/axis of 
prism and its side edge - radial sections. These planes divide/mark 
off surface of Zon Ymn _ the equal regions Q, each of which is 
isometric to rectangle (Fig. 33). Let us determine the sides of this 
rectangle depending on the parameters of cylinder, isometric Z, i.e., 


Wm 
a radius of basis/base, heighat/altitude, numbers}and Ne 


If the height/altitude of cylinder L, then, obviously, the 


height/altitude of rectangle Q is equal to 


b ==: 
2m * 
If a radius of cylinder R, then the width of rectangle Q is equal to 


gx 2X 
On isometry to the separation of surface of 2 on region Q 
corresponds the separation of cylinder, isometric 2, on YUnn . 
rectangular regions by the pianes, perpendicular to axle/axis, 
distant from each other at a distance of b, and by the radial 
half-planes, which separate complete angle with the axle/axis of 


cylinder on 2n equal parts, 
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2. Strain energy of shell. investigation of supercritical 
deformations during axial compression. According to principle A, the 
determination of the supercritical elastic states of shell is reduced 
to the examination of variational problem for functional W=U-A which 
is determined during the isometric transformations of the initial 
form of shell. As shown in p. 1, the class of the isometric 
transformations during which one should examine functional W in the 
case of the axial compression of cylindrical shells, it becomes 
harrow to surfaces of the type Z. In connection with this we will 


determine strain energy U on surfaces of this type. 


In pe 1, we broke surface of Z on Up the congruent regions 
Q, correctly located in 2m belt/zones on 2n regions in each 
belt/zone. Regions Q are isometric to rectangle with basis/base 


Q=wR/n, height/altitude b=L/2m and are comprised of two cylindrical 
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surfaces, which adjoin on fin/edge 7. In order to find the strain 
energy of an entire shell, it suffices to find it in one region and 


result to multiply on Ymy ° 


Strain energy of region Q consists of two parts: U, - strain 
energy over basic surface and (', ~ strain energy along fin/edge. 
Energy |, is determined py the curvature of initial cylindrical forse 
into form of Z everywhere, pesides fin/edge y. Per the unit surface 
area, it is determined from the formula 

Tg = 2 (Aki + Aki + 2vAki Ake) 
Here Ak, and Ak, - main changes in the normgjal curvatures with 
deformation of surface indicated, put D - the flexural rigidity of 
shell, i.e., 


Eb 


o= I" 


where 5 - thickness of shell, EB - modulus of elasticity, and v- - 


Poisson ratio. 


For the normal curvatures k, and kz of initial cylindrical 


surface, we have 


b= 0, =-K. 
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In the appropriate directions nocmal surface curvatures Z are equal 
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to 

hots y", b&=0. 
(Normal curvatures in adjacent radial normal sections of surface, 
which form angle w/n, are equal in magnitude, but they are opposite 


on sign. By this is explaiaed ambiguity in expression k,). Thus, 


during the deformation of surface in question it will be 


Hence 


D ny” \2 , 1 . ny” \ 1 
Uo= Ff {i SE l +a tv () gh aray. 


Fulfilling integration for y, we will obtain 


Ug= | ( ay y dx +vD | ae y” (a’ — a”) dx +- const, 
(6) (2) 
where a* and a** ~ length of cuts which form surfaces of 2Z into 
regions Q, divided by fin/edye y. with large n 


/ ni 


a =5-). a"~s+y. 
Therefore 
f y” (a’ ~— a”) dx =—2 f yy” dx. 
(b) (b) 


Fulfilling integration in parts and noting that y' at the ends of the 
interval of integration (b) as equal to zero, we will obtain 


fy’ (a’ —a"\dx= 2 f y"ax. 
(b) (b) 
Consequently, 


Dra [| ,» vDu 2 
Ug= a | y ‘as+ Te J y” dx + const. 
() 


(b) 
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Strain energy /, along fin/edge y is determined from the 

formula 
Uy = Ut + AU,, 
where 
U, = | cEd ‘a ‘k'? ds, 
¥ 
WU, = eee (a (—4,+ S4p*) as. 
¢ 

Here k - curvature curved y, a ~ angle between the plane of fin/edge 
y and the tangential planes of surtace 2 along fin/edge; * and *, 
- normal surface curvatures Z in tne direction, perpendicular to 
finsedge, *, -~- the normal curvature of initial surface in the 
appropriate direction. Lategrcation is fulfilled according to arc s by 


curve 7. 


Let us find value \U,. Normal curvatures “, and * are equal in 


magnitude and are opposite on signa. Therefore 


k, +k, =0 
and, therefore, 
ES 
AU, = Ta) [ ak, as 
: 
Angle 
yh 
a= (1+y") 


On the Euler formula the norgal curvature 
k= + sin’ 8, 
where 8 - angle which composes linear generator of initial 


cylindrical surface with direction by curve, appropriate on isometry 
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Ve i.e., 

ee ee 

(1+-y*)* 

Finally, the cell/element of arc to curve y is equal to 


cos 8 = 


ds= (1 + y’)" dx. 
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Substituting the value a, *& and ds into formula for AU,, ve will 


obtain 
E6' 1 
AU, at — ey ak 
Let us calculate U‘. Taking into account of expression for a, ds 


and 17 


(+ y?)?! 
we will obtain 
Sy, “ls we Ve ; 
hm cb8(Z)* [y+ yas 
y 
Total energy of deformation U, on region Q is obtained by the 


addition of values Ug, U% and AU: 


U, = oy ( y dx+ “ ( yo dx+ 


. 


() (6) 
4 c£0” (=) ; f Ly” *(1 + y”) dx + const. 
(b) 
Of regions Q, situated between two planes, passing through the 
adjacent apex/vertexes of fin/edge y it is perpendicular to the 
axle/axis of prism, is forwed circular belt/zone with a 


height/altitude of b. Subsequently to us it will conveniently examine 
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not entire shell, but this belt/zone. The strain energy U of shell 
within the belt/zone indicated is obtained by the multiplication of 
strain energy in region Q on 2n - number of regions within belt/zone, 


14.0%, 


sae Dia | yo dx+ 2vDn | y* det 
(d) (b) 


+ 2cnEd" (z)" ( | y” (1 +- y”) dx + const. 


(6) 
Let us find the produced by external load work during the axial 
compression of shell under load p. The axial compression of the 


belt/zone in question is eqgual 
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Hence the work 


ar 
/ = 29R dp o> | y” dx. 
TZ) 


Into the expression of the strain energy of shell U and of work 
A, produced by axial compression, enter the integral parameters m and 
n, the which characterize periodicity structures of surface of Z. In 
order to define these parameters, we let us assume that the character 
of the periodicity of the sayging/deflections of shell is retained 
during entire time of supercriticai deformation and, therefore, it 


remains the same as at the moment of loss of stability. 
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In the linear theory of shells, it is proven, that the normal 
sagging/deflection w of tue cylindrical shell of radius R at the 
moment of loss of stability satisfies the differential equation 

AM Ae + ae Ter + PAA (Fr) = 0. (+) 
Here x and y - curvilinear coordinates: I - on generatrix, y -~ 
according to the circular section/cut, perpendicular to axle/axis; D 


- rigidity of shell to curvature, p - critical load, and 


- operator of Laplace. Analyzing this equation, they come to the 
conclusion about the fact that the sagging/deflection of shell at the 
moment of loss of stability under the condition for hinged support 
for edges takes the fora 


mx  . OM 
2 sin = . 


L R 
Substituting this expression in equation (*), we will obtain the 


w=csin 


relation between the parameters otf wave formation ma, n and critical 


load p: 
5 (Aro + I+ 
+e EY o( + a) Y= 
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Let us introduce instead of mw and n the parameters € and 4 


t= Ln wen te 
takn' =e: 
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Then, set/assuming 


let us have 
— I (1 + £2)? . £2 
-=TI-wy Fat: 
The small value p answers upper critical load. It is obtained, if the 
parameters £ and " are connected by the relationship/ratio 
ae. ee ee (4%) 
ad+eyrn VI2d—vw) 
Then 
- 1 


Pp, =min p= vit = 0,6. 

Relationship/ratio (**) is not determined € and ". and 
consequently, m and n are unambiguous, However, as is shown 
experiment, shell loses stability in such a way that value &<1. If we 
for &€ accept this value, thea relationship/ratio (**) determines ». 
and that means m and n. Im particular, for n is obtained the 


following formula: 


After assuming that the periodicity of the sagging/deflections 
of shell is retained during supercritical deformation, and therefore 
it the same, as at the soment of loss of stability, we must consider 


that size/dimensions a, b of region Q of shell are identical, since 


a 
5=ial, 
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while parameter n is determined from formula indicated above. 
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The true form of shell during the supercritical deformation, 
which is accompanied by axial compression Ab, is determined from the 
condition of the minimum of functional U{y) in the class of functions 
y(, that satisfy the condition 

Mom ie | ya 


For solving this variational problea, it is advisable to pass to 


dimensionless variable X and Ye set/fassuming 


b 2 fo 
5 y= Vk y. 


where h it designates the axial coapression of shell (i.e. h=Ab). In 


, oo — 


new the variables x, y the feature above which we for simplicity of 


recording lower, it will be 


1 
2ESanh 2 4vE8 hn? , 
— 3(1 ~v*)b? i di+ Saw o 
-} 
6 2 Y, Pa 16n7h ' A 
+ 2ncEo" (=) (bh) | ly" | (1 + a y ‘) dx + const. 


~1 


Then the determination of the form of shell during supercritical 
deformation is reduced to the determination of function y(x), that 


realizes the minimum of functional J(y) under the condition 


fy?ax=t. 


Krchy W ¢ 
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Relative to function y(x), tor which functional J reaches the 
minimum, it is substantial to note that the graph of this function 
has point of inflection with x=0, and at points x=+1, curvature is 
stationary (Fig. 34). Therefore it is natural to approximate this 
graph by two parabolas with apex/vertexes on the straight lines x=+1, 
arrange/located it is symmetrical relative to the origin of 
coordinates, and by the smoothly adjacent them rectilinear cut (Fig. 


35). 
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Fig. 34. 
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Function y(x), given by this graph, we will characterize two 
parameters k and?. Value k - tais is the angular coefficient of the 
inclined sections of graph y*(x), and l - value y'(x) in zero. Thus, 


k=/y"*\| with x=#1, and Zl =y" (0). 


By simple examination it shows that the region of the allowed 


values of the parameter 1, detera@ined the condition 
will be 


So it shows that the values A, which characterize the 
common/general/total deformation of shell, are limited, precisely, 


<q. 
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Let us assume now 


Then we obtain 


_ n° E597, py avd? 
Usaha | 1 xt ea mt 


1 
+ 2""ex* a id “tl a { ly” |'* (1 — > y") dx + const. 
zy 


As shown above, at the moment of the loss of stability of shell, 


§=1, n=o091y &. 


we have 
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Substituting these values in the expression of strain energy, we will 


obtain 


az | wv? dx +0,62 4 
By 


i 
+22" | fy’? (1 + 2ay”) ax] + const 


1 


It is here accepted v=0.3. ¢=Q.19. 


Let us assume 
1 ! 
Hy)=h fy" dx +0.624 22° fy" (1 + 22y")ax. 
-1 


For functioning y (x) the form indicated we have 


dl os, BP: 
= 2ki}. d+ ——— i + 0,62., 
J Dhl + ae he eh + 0.6) 


while the condition 
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transfer/converts in Communacation/connection between k and JZ 
Wee 3 
aw Kae 
For determining of siniaua J and values k,{, at which this 
minimum is reached, were caiculated values J for different ( of the 


interval indicated above 


and values A, not exceeding 4/3. In this case, it turned out that 
minJ with A=const is in practice always obtained with one and the 
same value 7 =0.82. But since value J at the point where is reached 
the minimum, is stationary, then, without accomplishing large error, 
it is possible to consider that ainimum J is equal to its value with 


(1=0.82. Then we obtain 


min J = 4,14 + 2,242'' +4", 
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Consequently, energy of eiastic deformation of shell in the 
state of eguilibriua is equal to 
U= Daya (Ala + 2,242" + 2") + const. 
Let us turn now to work A, produced by the external load p. We 
have 


A = 2nR dph. 
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Introducing here instead of om parageter XA according to the equality 


1 (an \2 d 
hel) F 
and noting that 
b Fe ba LR -. 6 
amiml. Ce Sas a=0,91 ] i ae p= Es. 
let us have 


Por a shell, which is found in the state of elastic equilibriua, 
we have 
d(U — A)=0 
Hence is obtained the value of the dimensionless load p depending on 


the parameter dr, which characterizes the axial compression 
p= 0,03 X 
« (4,1 + 0,562.~ "+ 1,252"). 
Let us recall that here as everywhere in the analogous cases, 


the parameter A cannot be taken as to small ones as desired, since it 
ey tte te ee the deformation which is assumed to be considerable. 
Graphically dependence of P on A is represented in Fig. 36. We see 
that the received by shell load after loss of stability falls. Small 


value p~0.18. 
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Thus, the lower critical load p for a cylindrical shell during 

axial compression is determined from the formula 
p= 0,18e +, 

The obtained formula for p was subjected to experimental check. 
The experimental determination of critical loads during the axial 
compression of cylindrical shell was produced during the installation 
which is schematically depicted in Fig. 37. The basic cell/element of 
the installations are two strictly parallel disks 1 which with the 
tightening of nut 2, carried out in the form of steering control, 


converge and compress experience/tested shell 3. 


Lower disk has a bushing, in which is passed the rod of upper 
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disk. Both of disks after the articulation of bushing and rod 
according to the sliding landing/fitting are processed from one 


installation, than is reached by strict parallelism to each other. 


The tested shells of radius R=40 mm, length L=80 mm vere 
obtained from copper by metal spraying in vacuum to the geometrically 
modern polished cylindrical surface. The edges of shell were trimmed 


on special mandrel/mount also trom one installation of machine tool. 


In order to ensure the Complete uniformity of the distribution 
of compressive force according to the edge of shell, between 
supporting disks 1-1 and end/faces of shell, is placed fine/thin 
elastic it is placed fine/thin elastic packing to 4. The edges of 


shell were centered on conical washers by 8. 


Compressive force was recorded with the aid of the strain 
gauges, mounted with ring 5, through which was transferred the 
effort/force from screw/propeller py 6 to the rod of upper supporting 
disk 1. Strain gauges were calibrated to the value of compressive 


force with the aid of removable load 7. 
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Experiment was conducted as follows. Test specimen was installed 
between supporting disks 1~1. With the aid of removable load 7, were 
calibrated readings of strain gauges to the value of compressive 
force. Then by the rotation of steering control 2 shells was 
compressed. Compressive force was recorded by reading the 
galvanometer, connected to strain gauges. When compressive force 
reached upper critical value. /,. shell lost stability with the 


formation of the system of the correctly arranged/located dents on 
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its surface (Fig. 38). 


As a result of loss of stability, the received by shell load 
descended and it continued to descend during further approach of 
supporting disks. Pinaliy, it reacned minimum value /; (lower 


critical value). 


Testing underwent the cylindrical shells of radius R=40 on, 
height/altitude L=80 mm with ditferent thickness 5 from 0.03 to 0.09 
mm. Figure 39 depicts the yraph/diagrams of the theoretical 
dependence of values fe and /: from the thickness of the shell 

fe =0.6E 4 (2xR0), f, = 0,18E  (2ARD). 
The module/modulus of elasticity E for copper is accepted equal to 
0.9010 kg/cm?., (This averaye/mean value of the modulus of elasticity 
for the copper specimen/samples, obtained by metal spraying in 
vacuum). The isolated points, designated by small circles, give the 
experimental value of value /- As is evident, these values are close 
to theoretical ones. One should, however, note that the nearness of /. 
experimental value theoretical was obtained only after the careful 
adjustment of installation and preparation for the specimen/samples, 
ensuring the uniformity of the distribution of compressive force 


according to the edge of shell. 


—<_@ owe eee eee ees eee see 
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Experimental study of the value of upper critical force /. 
gives grounds to confirsw that in real construction/design theoretical 
value /- in practice never is reached, and at this value of critical 
force it cannot be been oriented during the calculation of shells to 


stability. 


The experimental values of iower critical value in Fig. 39 are 
noted by dark circles. Lower critical value /: was characterized by 
considerable stability. Its experimental value was close to 
theoretical in all cases, including when upper critical value /f/. was 
much lower than the theoretical. Furthermore, value /: did not 


virtually change during repeated tests, what cannot be said about 
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upper critical value. 


The comparison of experimental value fi with its theoretical 
value gives grounds to recommend as computed value for critical load 
p of the compressed cylindrical saell the obtained above formula 

p=0,18E 

3. Effect of initial bending on stability. Limitedly elastic 
shells. Our all preceding/previous examinations were related to the 
unlimitedly elastic, geometrically modern shells. Real shell is 
limited by elastic, and its form far is not modern. Both these facts 
can influence the results, obtained in the preceding/previous 


point/item, in particular, to the value of critical loads. 
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Since the upper critical load is determined from the examination of 
comparatively small deformations of surface, adverse initial bending 
can considerably change it. Lower critical load, being it is 
connected with the large detormations of shell, is less sensitive to 
initial bending, but the limited elasticity of material can influence 
it significantly. Now we will examine the influence of the initial 
bending of shell on upper critical load and effect of the limited 


elasticity of material for lower critical load. 


It is obvious, the effect of initial bending on the stability of 
shell will be greatest during to the assigned magnitude bending ©. 


if this bending reproduces the ftorm of shell during supercritical 
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deformation. It is logical to consider that the critical load with 
which the shell with bending loses stability, descends to the value 
of the reccived by shell load during the appropriate supercritical 


deformation. 


The received by shell ioad p during supercritical deformation is 

determined from formula (p. 2) 
p = 0,03 (4,1 + 0,562.7 "* + 1,252"). 

where } - the parameter, which characterizes deformation (axial 
compression). Let us establisa communication/connection between axial 
compression (A) and maxigua aorawal sagging/deflection which let us 
designate © As shows the calculation, given in p. 2, the curve 
y (x), which assigns the shape of surface of shell during 
supercritical deformation, it is determined one and the same 
parameters 7 to k(i +=0.82). wWence it follows that in initial the 


54 
variables Xe y will 


1 
ze J y dx = const, 
max 


by 
i,e., the to the left confroating value it does not depend on the 


amount of deformation. If we in tnas relationship/ratio pass to by 
the variable x, y as this having done in the preceding/previous 
point/item, placed 

r=qx y= ZBViny, 
that we will obtain 
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For function YW). determined by parameters k and ¢ (para. 2), we 


have 


! 
Yoox ~ 0.65, fy"? dx =I. 
-3 


The value of the maximum sagging/deflection of shell during the 
deformation in question is egual to 
oo nm 
€= Ymax = Tn ymax: 
The axial compression of shell is equal 
— 
hor | ya. 
(bd) 


We hence obtain the relationship/ratio between axial compression h 


and maximum transverse sagging/defilection 


Sn? h x)= ee 2 
7 \ Se ~~ (0,65)? 6° 


If we here introduce instead of h the parameter A, determined on 


the formula 
an 


1 22 
h=>(s) YT 
then we will obtain the following dependence between « and A: 
e = 1,62" V Rb. 
If we substitute detersuined by this relationship/ratio value \ 
into formula for p(r), then we will obtain the evaluation of the 


effect of initial bending on stability. Figure 40 this dependence 
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depicts graphically. Let us note that the graph is constructed for 
the comparatively large values of parameter ¢/VR). This is connected 
with the fact that our ali examinations are related to supercritical 


deformations with considerable changes in exterior form of shell. 


Let us examine now the effect of the limited elasticity of the 


material of shell on the value cf Lower critical load. 


——— reer el err mmc err 
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The results of the investiyation p. 2 are used only to such shells 
with the limited elasticity, tor which the there supercritical 
deformations in question do not lead to the voltage/stresses, which 
emerge beyond elastic limit. in order to explain, what must be this 
shell, let us find maximum voltayge/stresses during these 


deformations. 


It is obvious, maximum voltage/stresses appear in the zone of 
the powerful local bending of shell along fin/edges. For these 
voltage/stresses o, we have the foraula 

o=c’E (<)" 6a", 


where p - a radius of curvature of fin/fedge, a - an angle between the 
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plane of fin/edge and the tangential planes of the surface of shell 


along fin/edge, but ct - constant, equal to approximately 0.9. 


Let us find @ and pg. We have 
n 
=a: 
In the initial variables x, y curvature in the apex/vertexes of 
finfedges (it there greatest) is egual to 
Pd ag 
rips aE 


In the dimensionless variables x, y we have 


1 aes 
S=S Vik ply’: 


Taking into account, that 


h=5\on 
we will obtain 
dL 4aVi ly’ 
p V2aR ~ 


In our approach /approxigation of function y(y) (see Section 2) 


value |y**| =k. Therefore 


4n Vie 


1 
r V 22R 


. 
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Substituting the value 1/p and a in formula for e« and noting 


n= 0,91 V > ’ 


that 


let us have 
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«8 =\t 
Into this formula enter values k and A. As far as value is 


concerned k, it is connected with ¢ the relationship/ratio 
} 33 3 


go a) 
In the state of elastic equilibrium /=0.82. Hence for k is obtained 
value =2. Value A changes in supercritical deformation. Its maximus 
value corresponds to transition to steady states of equilibrium after 
"cotton/knock", i.e., the deformation, during which the received by 


shell load is smallest (/,). This value A is approximately equal to 


1.35 (see Section 2). 


Substituting the value k=2 and A=1.35 in formula for «, let us 
find the maximum voltage/stresses in the material of shell during the 
supercritical deformations, caused by loss of stability: 

o=3E. 

Hence we consist that the exagination p. 2, the in particular 

obtained there formula for the lower critical load 

p= 0,18E 
they are related only to sucha shells whose voltage/stresses by value 
3E6/R do not cause noticeable plastic deformations. This condition 
can be considered carried out, if 

BER < 0,0: 
where «o, - time/temporary strength of materials. Such shells we will 
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call fine/thin,. 
Page 198. 
Let us examine for an example the steel shells. Set/assuming 
E=2-10 kg/ca?, 6, =4- 10° kg/cn?, 


we will obtain 

< > 1250. 
This example shows that our examinations, until now, were related to 
very films. The practically important case R/65=500-1250 render/shovwed 
out of this examination. Ia connection with this we will continue our 


investigation. 


According to our representations, the supercritical deformation 
of shell is accompanied by the appearance of fin/edges on its 
surfaces which in deformation change their form. If local bending in 
fin/fedge proves to be so considerable that on the surface of shell 
appear the plastic deformations, then, as shown in chapter 1, §2, 
deformation in this place stops. Supercritical deformation with the 
advent of the irreversible changes in the zone of powerful local 
bending proves to be energetically unfavorable. Therefore, minimizing 


strain energy U during assigned/prescribed axial compression (A), we 
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must place as supplementary condition the limitation of the 
voltage/stresses in the zone of powerful local bending. This 


condition appears as follows: 


(e Vi)" <05 4 (¥). 
where k and \ have previous value (p. 2). For the shells in 
which 
3E- > oy. 


during the deformations, which correspond to lower critical load and 
close to them, under the condition indicated must occur the equality, 


i.@e, 


_ Ss, R 
(e Vi)" =0.5 + (=). (+) 
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In p. 2, we found the following expressions for energy of 


elastic deformation 0 and of work A, produced by the external load: 


n?E63 
U= a3 — vpn Jt const, 
4l ' 8 £B 5/ 
J= 2k + —— A '+—— A" 62, 
+ Ts. vF* + 0,62 
xn‘ - 


For the states of the equilibriua of shell under the load, close to 
lower critical, parameters k and 2 in reason indicated above are 
connected by relationship/ratio (*). Furthermore, we have 


relationship/ratio between k and 1 


eo ee 
ta 
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Thus, both of values U and A can be considered depending from one 


parameter. 


As this parameter we will take 


=|~ 


s= 
If we introduce parameter s into the expression of strain energy 
U and by the produced external load of work A, then from the 
condition of the equilibriua of the shell 
d(U — A)=0 


is obtained the following expression for the received by shell load: 


20st + (05+ <) ! 


p = 0,03 } 0,6 +- ——-—y— 
where 
o R 
o=054 5. 


Minimizing expression p from parameter s, we find lower critical load 
in dependence on the elasto-plastic properties of material (parameter 


#). Pigure 41 depicts the graph/diagram of this dependence. 


Let us explain the region of the applicability of the obtained 


de pendence. 
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Por this let us, first of all, note that in view of condition 
0, < 3E = we have 

o=05 82 <15. 
Thus, for values w>1.5 it is necessary to count p=0.18. Further, 
dependence p(w) cannot be used at too low values w, since in this 
case the supercritical deformation, which corresponds to lower 
critical load, it is not possibile to count considerable. Calculation 
shows that the supercritical deformations limitedly elastic shells 
with this value of the parameter ws are limited to the condition 

<a. 

Therefore, if w is noticeably less than unity, then \» is very small, 
and all our examinations they are celated to such supercritical 
deformations which are accompanied by a considerable change in 


exterior form. 


The obtained dependence of the lower critical value of load from 
the elasto-plastic properties of material according to character 


corresponds to the data of experimental studies. 


4. Narrow cylindrical panels during axial compression. In order 
to strengthen cylindrical shell, worker under conditions for arial 


compression, her they support by the rigid longitudinal elements 
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along generatrices. In this case, the shell is divide/marked off into 
narrow cylindrical panels. Let us examine a question concerning 


supercritical deformations and critical loads for such panels. 


Let the hinged attached on edyes narrow cylindrical panel lose 


stability under the action of the axial compressive load p. 
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Just as for the closed cylindrical shells, the transverse 


sagging/deflection w of shell satisfies the differential equation 


Ow 


ow 
Tae TA ae mF 


+ AMAAw + 
It shows that solution w(x, y) of this equation under the condition 


for the hinged support of panel tor edges takes the form 


w =e sin = sin. 


In contrast to the case of the closed cylindrical shell where both of 
parameters mw and n wholes, for a panel with a width of b parameter n 


is limited to the condition of the integrality of the expression 
nb 
aR’ 

Load p, calling the loss of stability of panel, is connected with 


parameters m and n by the relationship/ratio 
D (4n*m*? | ont? \ 
5 (“it + a) + 
4x? m? ad ‘(2 \'=0 


+ fe (EY oR + Hey (a 
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which after the introduction of the new parameters 


“= QnRm ' q R 


and of the dimensionless load 


P=P rs 
takes the foram 


=—— a + 7)? n §? 
P= Dawe t TPH 


Let us find the small value of the load, capable of causing the 
loss of stability of panel. Set/assuming 
_ (+e) 
=a S 
let us have 
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In order to determine  minp, it 
find the region of the ailowed values 
connection with this let us note that 
expression nb/wkR it foliouws 

nb 
ak ?!: 


Therefore the parameter 


i 


Further, despite all vaiues E>0 
Erlyo 


Consequently, 


2R 
ez. are a> - a 
Now we will refine, that we bear 


panel is narrow. Let us call/name the 


aa VRS 


b< > 
yra-—vy 


is necessary to, first of all, 
of the parameter ¢. In 


from the integrality of 


in mind, speaking, that the 


panel of narrow, if its width 


In view of this condition for the narrow panels 


t>Vi2z(i— wv. 


It is easy to see that the absolute minisua p is obtained with 


t=—VYi2zi— wv. 


ve ss 
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But this means that for narrow panels it be reached cannot. In view 


of the monotonicity of increase pe) when (> /Vil2U._ ), fOr narrow 


panels the minimum p(t) is obtained at the saallest allowed value ¢. 


Let us find it. 


Since 


14852, 1>4P. 


the small ¢ is equal 


4n*Rb 
o= 
Page 203. 
Consequently, 
- - 4n?Rb 
Pe= min p= 5 — wh Tt TARO 


This value p is obtained wita 


t=I, n= =e. 


Thus, for narrow cylindrical panels upper critical load 
determined from the forsula 


- 4n?Rb ae id 
Pe= 2 — vt) FT TPR 


Pe 


is 
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Parameter n, which characterizes wave formation at the moment of loss 


of stability, is found from the relationship/ratio 


nb 1 
7? leds 


Supercritical deformation is accompanied by the appearance of square 


bulges in one row/series along generatrix on entire width panel. 


Let us characterize the narrowness of cylindrical panel the 


parameter r, 


xan (120—%))" _» 
2a 


For the narrow panels 
<i. 
Upper critical load for a panel allow/assumes the following 


representation: 


v4 
P= Po 5 , 


where pg - upper critical load for the closed cylindrical shell 


during axial compression. 


Let us find the lower critical load of narrow panel. The 
supercritical elastic state of cylindrical panel during axial 
compression we identify with the supercritical state of closed shell 
at the condition of equality parameters m and n, which characterize 


these states. 
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After making this assumption, we can use the finished, obtained in p. 
2 expression for the strain energy U and of produced by load work A 


1). 


FOOTNOTE !. It goes without saying, in this case, are disregarded the 
conditions of attachment for by generatrix panels. Therefore the 
value of the lower critical ivad to which we come, will be less than 
the true. However, there is the foundations for considering that it 
all the same is close to it at least for not toc narrow panels. 


ENDPOOTNOTE. 


We have (page 188) 


=a iy" on 4: ee ae 


1 
1 Seton fh eB Mrs 


-! 
For a panel t=1, while n is determined from the relationship/ratio 
met, 
where b - width of panel. If we introduce these values t and a into 


expression for 0, then it takes the following fora: 


U= nES 
21 — vn 


1 
a | yy” dx + QvA+ 
-1 


1 
+ 211" f ly"|"*(1 + 2ay*) ax | + const 
-1 
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Let us find the produced by load work. We have (page 190) 


A= 2nRdph, 


1 R\? an 
bea (ea) ae 
ion Oe em 4n?R bx? 
pe: Viza—v)- 


With the aid of these relationship/ratios the expression for work A 


is reduced to the form 
A= on Es pix. 
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Just as in the case of closed shells, true shape of surface and, 
‘Seneauentl¥; also strain energy, we determine from the condition of 
the minimum of functional U(y) ducing the assigned/prescribed axial 
compression. This is equivalent to task to the sinimun for a 


functional 
1 1 
Jah fy? dx + 0,624 200" f [yI*(l + By")ax 
an =a 


under Conditons 


frtarn 1. 
= 


y (—1l)=—y' (l)=0. 
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With r=0 this task has the ovvious solution 


2 
Yo(x) = = sin = * 


Let the function y (x) realize the waanisua of functional /, with small 
yr. It is obvious, it is close to y (x). In view of the stability of 
functional during the function, which realizes the miniaua, it is 
possible to take as min/, equal to its value during function yo(*). 


Permissible in this case error will be of the order r#@, 


Substituting in the expression of functional 1 function y,(x), 


we will obtain 


t 


J, = (5+ 0.6) 2+ 1(3.82" + 32). 


Now from the condition of the equilibrium of the shell 
d 


we find the received by shell load p in dependence on deformation (A) 


p= 28 (3,1 + +(0,954-" + 3,754"), 
min p = = (3,1 + 4,6r). 


The investigation of a question concerning critical loads for 


narrow panels we is summed up by following conclusion. 


Page 206. 
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Por the narrow cylindrical panel, hinged along sides, during 


axial compression upper critical load is equal to 


lower critical load is equal to 


ee = 0,03 
p,= pie — (3,1 + 4,61). 


The parameter r through tae width of panel b, radius of curvature R 
and thickness 6 is determined by the equality 
coe 2(1—v))"" tb 
2n VRS" 


at is considered narrow, if r<i. 


5. Structurally orthotropic cylindrical shells during axial 
compression. The cylindrical shell, reinforced by elastic stringers, 
with a sufficient denseness of the arrangement of the latter can be 
considered as orthotropic. Ia present point/item we will examine this 


shell, which is found under conditions for axial compression. 


Thus, let the circular cylindrical shell of radius R, of length 
L and of thickness 6 be supported by the densely arranged stringers. 


ft - sectional area of stringer, I - noment of inertia in reference 
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3/6 
plane (radial plane), and i— distance between stringers. The 
modulus of elasticity of sheathing/skin and stringers let us 
designate through E£, but iateral contraction v for simplicity of 


unpacking/facings let us place equal to zero. 


Let us introduce on the surface of shell the orthogonal 
% Ma 
coordinates ¥, ye, after accepting tor lines * linear ‘giaeoatee! kee 
bd 
module/moduli of elasticity E, and Ez, according to directions § and y 


of shell as orthotropic will be 


E=E(1+ 5). B=E. 


where 6* - total sectionai area of stringers per the unit of length 
along lines y, i.e. 


eee a 
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The flexural rigidity of shell in the plane, perpendicular to 


stringers, is equal to 


Flexural rigidity in reference plane is equal to 
$3 
= + y- 
Fundamental equations for an orthotropic shell, which is found 


under conditions for axial compression, take the following fora: 


Cw 1 oD 
Pot Rot’ 
1 1 @ 

Q’w = — 
Goi ~ R Oxt* 


D 
> &e=- 
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Here w - the transverse sagging/deflection of shell at the moment of 
loss of stability under load p, the function of voltage/stresses 
while 2 and ° — differeatial cane ae 

as tere wea +a0 


o* 


QQ =(1+ 0’) —; < +2 = + “Oy® , 


If we from the equations of loss of stability exclude the function of 


voltage/stresses g, that for w is obtained the following equation: 


F E os 
4 2 29'w+ pr (LW) + Ze Gr =O: 


et us assume the form of shell at the soment of loss of 


stability in the fora 


w=csin sin * 
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If we substitute this expression w into equation for 
sagging/deflection, then we will obtain certain relationship/ratio 
for parameters m and n. Set/assuming for the brevity 


t=7, i=. p= a, 
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to this relationship/ratio it is possible to give the form 


— 9+ +H ee! 
pote T+ oye 7° 


het us find the smallest ioad, capable of causing the loss of 
Stability of shell, i.e., upper critical load. With that fix/recorded 


t the minimum p(:_ according to variable 1 is obtained, when 
P(e. ) 


ett UU 
— aE a AE a 


and this minimum is equal to 


— ot fot Eye y'e 
PO= re (pate) 


Let us assume that ure'. bhe paySical sense of this condition lies in 
the fact that the reinforcement of shell by stringers relatively sore 
increases flexural rigidity, than to elongation - compression. Under 
this hypothesis 


= 1 
i = 
= p(é) V3 


and it is reached whem ;:=.o,: But this value .; is inadmissible, 


since 


oo Rm ' 
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while n and 2m take only integer values. In connection with this, and 
taking even into consideration the monotonicity of decrease p(t) with 


increase § we let us take for m the small possible value a=0.5. 


After accepting m=0.5 let us have 


y a? RE ° 
Page 209. 


Now p it is possible to present in the following fora: 


pe + Otay: 
where 

eae. om=o 4+ By. 
\ ninue of p is reached at the condition 


and it is equal to 


er = m2 (w~—o’) RS 1 
i 12 ve V3" 


If one assumes that value _: at which is reached min p, is 


considerable, then it is possible to count 


6 (&) =. 
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Then relationship/ratio (4) for £ takes the fora 


We hence find that £, While with it and parameter n: 


g= 12", 
ee” 


n= 78 =i)" (ae)" 


Let us note that R6/L? is usually small. Therefore our assumption 


relative to value ¢« is not deprived of basis/bases. 


If the setting of stringers considerably increases flexural 
rigidity, and not rigidity to elongation - compression, i.@., oa’, 
then it is possible to count »—o’>o In this case, for an upper 
critical load, it is possible to accept the expression 

- xt Rb 1 
ear a 2 8 
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In order to present the visually obtained result, let us find 


critical force per the unit of the length of the section/cut of 


shell. We have 
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Value 

0.0E $8 
is critical force per the unit of the length of the cross section of 
the nonreinforced sheathing/skin, and 

« (tr) T 

there is Eulerian force for the isolated/insulated stringers. Thus, 
critical load for the shell in question consists of the critical load 
of the nonreinforced shell aad critical load for the 


isolated/insulated stringers. 


let us examine now the supercritical deformations of stiffened 
shell. In connection with this let us find, first of all, expression 
for strain energy along fin/edyes. In chapter 1, §1 (page 30) for an 
isotropic shell this energy per the unit of the length of fin/edge 


was calculated from the foraula 


— 


= D . D 
U,=2 [wr as+F “ds + Da(—2k+h, +h). 


For an anisotropic shell is obtained accurately the same expression. 


Only now D is flexural rigidity in the plane, perpendicular to 
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fin/fedge, and D- vigidity to elongation - compression along 


fin/edge. 


Let us assume 


Then expression U, will take the fora 


where omitted add/composed 


Da(— 2k+k, +k). 
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If from this point on, we repeat verbatim all reasonings which 
in the analogous case of isotropic shells are given in chapter 1, §1, 


then for strain energy we will obtain the expression 


U,= re ‘os Me eee 


Here Jg - minimum of the functional 


J= f (oo + u*) ds 


in the nonholonomic constraint 


uw’ +o+F=0 (#*) 
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and under the boundary conditions 
2(0)=0, v(/0)=—1, uw(oc)=vl(cc)=0. (ees) 
In order to find minJ, it is expedient to introduce instead of 
the variables u and s new variable: 1: and As. Relative to new 
variable coupling (++) and boundary conditions (eee) are retained, 


but functional takes the fora 


oo 


2 
J= § (Fr +24?) Ads 


(feature above new variables it is lowered). Subordinating now the 
indefinite factor A’ to the condition 


M=ae, 


let us have 


J=o" f (v” + w)ds. 
3 


Page 212. 


Thus, the determination of coefficient Jog is brought to the 


determination of the minimum of the functional 


fi (uv? + w’)ds 


in communication/connection (++). and under boundary conditions («+s). In 


chapter 1, §1, this minimum is found, and for it obtained value 
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on 1.15. 


Consequently, 
Jo = 1,150, 

As shown above, the loss ot stability of the circular 
cylindrical shell, reintorced by stringers, is accompanied by the 
education/formation of continuous bulges all over length of shell 
(m=0.5), evenly distributed in circumference. We will assume that the 


supercritical deformation has the same character. 


For energy U of the supercritical deformation of isotropic 


shell, we have a formula (page 188) 
I 
U = — EO” x* (vy — 1) E59 
i — vy ae Jars SgSD ey 


1 
9" , , 
+ 26 nO R hy" iyi (1+ ar) dx + const. 
-1 


Here first term calculates beadiag on the basis of the basic surface 
of shell. This bending occurs in radial planes, i.e., in the 
direction linear generator. Second term considers bending in the 
plane, perpendicular to tin/edge. In view of the fact that the 
regions of bulge go through entire length of shell, it is possible to 
count that this bending in the piane, perpendicular to generatrices. 
Third term/component/addend considers energy of complex deformation 


along fin/edge. 
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It is not difficult to consider, that if we use the same method 
of examination, also, for an orthotropic shell, then we will obtain 
analogous formula. It wall differ from given by some factors before 
term/component/addends indicated due to change rigidity of shell. 
Specifically, first term to obtain the factor 

D |. 
where D - the flexural rcigadiaty of orthotropic shell (reinforced by 
stringers), and an §53/12-cigidity of the nonreinforced shell. Second 
term will remain without chaage, and the third obtains the factor 

oo". 


Page 213. 


As shown above, the flexurai cigidity of stiffened shell in 


radial planes is equal to 


Ee | Fl 
ay a 
where 6 - thickness of shell, while Eiji: vigidity of the 


supporting stringers per the unit of the length of the cross section 
of shell. Thus, 
/ BSS 12/ 
diay =| + a8. 


Let us turn to the second factor. ww". Exagining this factor, let 
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us note that the parameter : is sufficiently great, and therefore 
the direction of fin/edges on the surface of shell is close to the 
direction of generatrices. Therefore value &, equal to the 
ratio/relation of the rigidity to elongation - compression of the 
reinforced by stringers and nonceinforced shell, can be considered 
equal to (+4 6')), where 6® - total area of stringers per the unit of 
the length of cross section. Estimating value w, let us note that in 
view of the nearness of the direction of fin/edge to the direction of 
stringer, it is possible to consider flexural rigidity in the 


direction, perpendicular to tin/edye, equal to £63/12. Therefore 


eee SE i 
Consequently, the factor 


iam (4 


Let us assume for the brevity 


| ES eee ee 
D/a=; =?. wo =: 0’, 


Page 214. 


Then the strain energy of orthotropic shell is written in the form 


1 
U ax PRED J vtaz+ 
1 


"/ Bie exten § ‘ y 
+07 2 geeRihy" f iy (1 + 22" ax + const. 
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In view of the fact that € greatiay, it is possible to count 
L4+ ap yt~ 1. 


Let us introduce into forgula for U of the value 


(8) 
n= (12x) (Fo) 8 


Then we obtain 


1 
ve (a) oa | yy dx+ 


1 
+0,350/0" { ira | + on 
-1 


Energy of the supercritical deformation of orthotropic shell in 
the state of elastic equilibrium is determined from stability 
condition of functional U(y) on function y(x) with 

1 


fv?ax=1. 
4 


This variational problem we will examine under the condition 
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The physical sense of this condition lies in the fact that the 
reinforcement of shell by stringers very considerably strengthens the 
flexural rigidity of shell io radial planes. This assumption 
logically, since by the settiny of stringers usually they want to 


achieve precisely this. 


Under the condition indicated it is logical to assume that 
function y(x), imparting to functional U(y) steady-state value, is 


close to function (x, tmat realizes the minimum of the functional 


1 
n Rb wt 
TAD: (=F) A J y” dx | + const, 


which is obtained from functional U by discarding of subordinate in 


value term/component/addend. We will proceed from this assumption. 


The function, which minimizes functional U* (y) under the 


condition 


frac, 
~-! 
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is equal to zero at the ends of anterval (-1.1), it will be 


y (x) == sin 3 
In view of the adopted assumption, the strain energy of shell in 
the state of elastic equilibrium we will obtain, if we substitute 


funct ion (27s ing x/2) inte torm@ula for U: 


EO 4) pe (=) Or+ 0,680} + const 
12 fe 4V 12 \ L? 


Let us find now work A, produced by axial compression. Just as 


in the case of isotropic shell, we obtain 


nER Shp 


ae il 


Substituting here the values of parameters n and &, let us have 


Aa Ee (F - 
4V 12 R) bP 
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From the condition of equilibrium, we how find 


aA 
a 


communication/connection between the deformation of shell (A) and the 


au 
—o 


received by shell load (p). Specifically, 


n? 


P= 5 (fr) o +0,0620- 0", 


Prom formula for fp, we see that the received by shell load is 
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decreased during an increase in deformation (A). The smallest value p 
is obtained at the maximum value A, equal to >w2/8. Substituting this 


value in formula for p, we find the value of the lower critical load 


>a = (+3) ® + 0,0530’. 


Since by hypothesis the setting of stringers considerably 


strengthens the flexural rigidity of shell in radial planes, then 


12/ 12/ 
oa ee 
- no Rb , 


Comparing this value with upper critical load, we consist that with 
sufficient rigidity of the supporting stringers the received by shell 
load after loss of stability is not in effect decreased, remaining 


equal to the approximately upper critical value 


§2. Cylindrical shells under external pressure. 


In this paragraph we will examine the supercritical deformations 
of cylindrical shells appearing as a result of loss of stability 
under the evenly distributed external pressure. Just as in the case 
of axial compression (§1), this examination will be based on the 


application/use of principle A. 
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1. @xpression for functional w=U-A. Experiment shows that the 
loss of stability of cylindrical shell under external pressure is 
accompanied by the education/formation of continuous dents to entire 
length of shell with thear regular arrangement in circumference. In 
connection with this functional W can be examined during isometric 
transformations of the type Z which are constructed in p. 1 51. Mie 


us recall these transformations. 


Let us take right prism with a number of side faces 2n and will 
conduct on its any face a arbitrary curve y, which connects the 
middles of the basis/bases of this face and which is unambiguously 
design/projected for the axle/axis of prism. It is reflected curve 7 
mirror in the radial plane, passing through the axle/axis of prism 
and the fin/fedge of face a. in this case, we will obtain curve y* in 
the face a*, adjacent a. After this with the aid of face a* and curve 
y' in it, we plot a curve y" in the face a", adjacent a*, and so 
forth. Thus, in each face qi will be obtained curve ,'. Let us conduct 
now arbitrary plane 4. saeietanctaen Ps the axle/axis of prism. It 
will cross curves y at poiats A’ , P,— polygon with apex/vertexes 


a 


A‘. @hen plane « in parallel is displaced, polygon Pp, describes 
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isometric to cylinder surface Z. Curves y' are fin/edges on this 


surface (Fig. 42). 


Let us determine some geometric values for surface of Z. In 
connection with this in iace a, iet us introduce the rectangular 
Cartesian coordinates ,, y, after accepting the center of face in the 
origin of coordinates, and the straight lines, passing through the 
center of face in paraliel to its sides - for coordinate axes. In 
these coordinates curve y aS assigned by the equation 


y= y(*). 


Curvature to curve 7 is equal to 


ly” | 
k=. 
(1+y")" 
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If n is sufficiently great, or, it is better to say, face a is 
noticeably elongated in the direction of the axle/axis of prism, then 
for us interesting curves y can be counted i+ y”~) and therefore 
k=ly’|. 
For an angle # between tne plane of fin/edge y and the 
tangential planes of surface Z, 1s obtained the expression 


Vi+y" 


$= 1+y’. 


- 
2n 


Here also it is possible to disregard y” under cadical sign. Then 
for an angle 4 is obtained the expression 
t=z. 
During the determination of energy of elastic deformation of 
shell in the form of Z by us will be necessary the normal curvature k 
of this surface. For it is obtained the expression 
k=zy’. 


«— This is expression, just as preceding/previous, it is obtained 
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after analogous simplifications. 


The produced by exteraoal pressure work is measured by the 
product of the value of pressure on a change in the volume, limited 
by shell, during deformation py tne latter. In connection with this 
let us find the volume which idimits surface of Z together with 


quadratic prisms which it close. 


Intersection of surtace of 4 with plane o, its perpendicular 
axes, is a 2n—angle plate P, If we its area designate S, then the 


which ¢nterests us volume is equal to 


LR 
V= f S dx. 
-in 


Thus, in order to find volume V in dependence on function y(x) that 
assigns shape of surface Z, we should, first of all, find expression 


S in dependence on y. 
Page 219. 


Let a 2n—angle plate with apex/vertexes in the middles of the 
sides of the polygon, which ilies at quadratic prism, be designated 
through ?o Then independently of the position of plane o« in each 2n- 


angle plate P, of side they are parallel to sides Py. 
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Plane « intersects prism on tne right 2n—angle plate P. Let us 

number the apex/vertexes of this polygon in the order of their 
sequence and will designate through P* correct n—angle plate with 
the even apex/vertexes Bb, put tarough P” - correct n—angle plate 
with the odd apex/vertexes P. Polygon P, is entered in P, and its 
sides form equal angles with sides P. Hence it follows that polygon 

P, is obtained by the linear mixing of polygons P* and P" according 


to Minkowski’. 


FOOTNOTE 1. By the linear com@bination of figures F* and F", which lie 
at one plane or parallel planes, is called the figure 

PF =F’ + uP", 
which describes the terainus of the vector r=ir'+ur’,when the 
hccaiwaxok of vectors r® and crc" independently describe figures F* and 


Fr", See A. D. Aleksandrov, veee polygons, State Technical Press, 


1950. ENDFOOTNOTE. 


Specifically, 


a a 
: Sag atY 
Py 2 p42 


P. 


where a - side of polygon P. 


On known formula the area of the polygon 


P=)P'+uP" (A+n—l) 
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is equal to 
S = 1S’ 4 ApS y+ WS", Sy—25,— S45", 
where S* and S" - areas of polygons P* and P" respectively, but Sq - 


area of polygon P which is optained in the linear combination P* and 


F angie 
P® with A=p=1/2. In our case Sg, iat is the area of 2n- Po- 


Taking into account, that ~j4,—1! and S*=S", the formula for S 
can be converted. Specifically, 
S= S’ + 42 (S, —S’). 
Page 220. 


Substituting here 


we will obtain 
S=(+)—~¥(s,—5’, 


where (s#)— term/component/addend, not depending on jy. 


Introducing now into toraula for volume V the obtained 


expression S, we will obtain 


Lp 
V = (+) — + (S)—S’) J ydx. 


-L2 


In connection with the forthcoming unpacking/facings it is 
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expedient to pa:s from the variables x, y, which we, until now, used, 


to new, dimensionless x, y, set/assuming 


Here L - height/altitude of prism which we will identify with the 
height/altitudé of initial sneli, a - side of quadratic prism. If a 


radius of initial shell is egual to R, then 
aR 


‘= * 
;s 
Interval of the variation of variables x, and y. obviously, ~+2e-se4 
(41, —1).1n the new variables, the feature above designations of which 


subsequently let us lower, the which interest us geometric values 


will be calculated from the formulas: 


bm Ry, 
b= Sy’. 


Page 221. 


Just as in the case of axial compression, for the strain energy 


of shell is obtained the following expression: 


' 
Lee RY [ 
V=yi—wWa (z) fy dx + 
=i 


mvE§ R a 
+ 12 (1 —v?) n? (=) | ydx+ 
-1 


1 
3, Ss, oli wi 
+ #6 Bo" R™ {Ly |"* dx + const. 
-I 
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Containing in this totrmuia iategral parameter n we will 
determine from periodicity condition of sagging/deflections for the 


circumference of shell at the moment of loss of stability. 


The transverse sagginyg/detlection w of cylindrical shell at the 
moment of loss of stability under pressure q satisfies the 
differential equation 

FAAMAw + Fe srt FAA Se =o. (*) 

It shows that under the condition for the hinged support of shell the 
solution of this equation takes the fora 

w=csin a= sin >: 
Substituting this expression w in equation (.), we will obtain certain 
relationship/ratio between parameters m, n and by load gq. If we 
instead of m and n introduce the parameters 

ga ne => 
and the dimensionless load 

oe. 


then to the relationship/ratio indicated it is possible to give the 
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form 
tt e 
1= DI "TTR 
Page 222. 


The minimum value q answers upper critical load. If the parameter 


RS 
sd aeseis + 
is low, then 
see 4nVe a 
ming = Sa“) =~ 0,92 Ve. 


This minimum value q is obtained for m=1 and n, determined by the 


relationship/ratio 


[i = ate? (+e) 


Since the character of the periodicity of sagging/deflections in 
supercritical deformation is retained, the value n, which enters into 
the expression of strain energy, it is determined by 
relationship/ratio (*s). Substituting the value of n in formula for U, 
we will obtain 


1 1 
- mae (2)/ 96 J yar +m | ous 


} 
+ 6(1 —V) { ly” he] ome 
-1 
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Let us find that produced by the external pressure q work by the 


deformation of shell. A change in the volume, bounded by shell, is 


equal , 
ae J y? dx-+ const. 
Work ; 
A=q AV. 
Hence 
] 
y at | y? dx + const. 
-1 
Page 223. 


Or, by introducing dimensionless quantity g, connected with external 


pressure by the relationship/ratio 


9=GE 
we will obtain 


a ( 2 
A=— + (+) y? dx + const. 


2. Investigation of supercritical ones by deformation of 


unlimitedly elastic shells under external pressure. Let us assume 


1 1 


1 
nVe (42 i f 2 mae n Ye 

= = a 2 d 61 — vv) — \ d A 
sam SFE | deta | yee +6 75 [L" x 


i= [vas 
~1 


Then 


mes R 
U = spar (TZ) J + const, 


ngs (R 
A= ar (z) 2. +- const. 
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rhe true form of shell in the state of equilibrium under load q 
we will determine from the condition of the minimum of functional J 
under the condition of stability A. For solving this isoperimetric 
task, let us use an approximate awethod of solution, as in the case of 


axial compression in §1. 


Function y(x), that realizes the minimum of functional J, we 
will search for in the class of the smooth functions, determined by 


the conditions 
: f npw)| x | > a, 
ya npnC}x| <a, 


Keys(1), woth. 


¢—_—_——_ where a and a@ - varied parameters. The graph of this 
function is represented in Fig. 43. It consists of parabola in 
section (-ae a) and two smootaly adjacent it rectilinear cuts. This 
selection of function y(x) is predicted by the obvious symmetry of 
function, realizing minigua J, and by its inversion into zero 


together with the second derivatives at the ends of interval (-1, 1). 
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Fig. 43. 


Page 224. 


Analytical expression of function y (x) following: 


aes eS + aaa a), |x| <a, 
% aa(l — x), |x| >a. 


It is possible to show which tor the function, which realizes 
the minimum of functional J, the value of the parameter a is small 


together with ¢. Therefore 
1 
fy" dx = 2002, 
ol 
1 
fy? ax = 20%? (1 + 4), 
-1 
1 
fly" ax = 20%, 
-!1 
1 


{ yrdx = $ ate?(1 +), 
-1 


where the chain wheel designated the expressions, which have the 
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subordinate value with small a. 


Substituting the value of the obtained integrals, into 


expressions J and \ and disregarding terms ,, let us have 


JE dua? + Avata? + 12(1 —Y aVa, 


A= q a?q?. 


Introducing into expression J value \ instead of a, we will obtain J 


as the function only of one parameter a 
: oS Te 
pmlny ie)a+ 6vh +(12(1 —we/3 V2): 


v= 0,3 and / 
When n c=0.19 wiil be 


J= (nV he) a + 1.84425 Y 2 rack 
Page 225. 
It is easy to see that dufing variation from parameter a 


min J = 5,le~/*" YA— 1,8, 
and this minimum is reached jt 
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Por a shell, which is tound ian the state of elastic equilibriua, 


a _ dA 
dh di * 


Taking into account the obtained expression for miny, from which we 
find the value of the external pressure q in dependence on the 
common/general/total deformation ot shell, which we characterize by 


the parameter A: 


e~ 


Va 


7=e(0.95 < + 067), ext, 

We see that the received py saell load is decreased during an 
increase in deformation (aA). The states of equilibrium of shell are 
unstable. This will be in complete agreement with the data of the 
experimental study of shells under external pressure’the transition 
to supercritical deformation of shell as a result of loss of 


stability it occurs without an increase in the external load. 


Let us determine maximum geometrically permissible deformation 
(A). Since [y(x)| according to sense is not more than unity, and 
max y(x) is reached at x=0, then 
— + aati — a)} <1. 
Value 


Ao = aa’. 


wr 


Hence, taking into account the inequality indicated, with small e: 
(consequently, small a), we obtain 


~ 2 
maxk= >. 
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Substituting this value A ia formula for g, we will obtain the 
value of the lower critical load 
Gi =8(1,168-"* +-0,67), e= 20, 
Thus, lower critical load for the hinged supported on edges 
cylindrical shell under exteraai pressure is determined from the 
foraula 
-. & 
UW = HE Fe 
where 
g; =e(1,16e-"-+ 0,67), e= cd 


R - a radius of shell, 6 - thickness, E - modulus of elasticity. 


Comparing the obtained value gq; with the value of the upper 
critical load 
9, = 0,92 Ve, 
let us have 
9: = Je (1,26e" + 0,73e'), 
Hence it is apparent that at the low value of the parameter e (but 


we assume similar little) the lower critical load of unlimitedly 
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elastic shell can be considerably iess than the upper critical load. 


3. Effect of initial pending of shell on stability at external 
pressure, Shells with the limited elasticity of material. As in the 
case Of axial compression, the imperfection of the geometric form of 
shell can influence the value of critical pressure, with which the 
shell loses stability. Now we will examine the influence of the 
initial bending of shell on upper critical load at an external 
pressure. In this case, we will proceed from assumption about the 
fact that the effect of initial bending will be greatest, when it 


reproduces the form of shell duriny supercritical deformation. 
Page 227. 


Let us establish the relation between the parameters A, which 
characterizes supercritical deformation, and value A of the saxinua 
transverse sagging/deflection of shell at this deformation. In 
initial the variables xX, y we have 

A = = ymax: 


After the standardization of variables on the formulas 
we will obtain 


Let parameter 
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In view of the specific form of plotted function y(M) (Pig. 43), 


it is possible to count that 
Pee Sie 
A= F View 
If we here introduce instead of jm, sagging/deflection 4, then we 


will obtain 


Brea 32n?\? —32nt P 
‘<< Bn2a> am 3n* Re A 


or, Since n is determined by the condition 


(= 8 ~—s ate? 
Te) wis 


then 
Substituting this waluwe A in formula for the received by shell 


load during assigned/prescribed deformation (A), we will obtain the 


evaluation of the effect of the initial bending of value A on loss of 


stability at the external pressure 
qI= e (0,34e-" 4 z + 0.67) ‘ 
Page 228. 


This formula, naturally, cannot be used at relatively low values A, 


Since her conclusion is based on the examination of deformations with 


a considerable change in the form of shell. 


Our examinations in p. 2 were related to unlimitedly elastic 
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shells. For shells with the limited elasticity of material, they are 
used only when there the deformations in question do not lead to the 
voltage/stresses, which emerge beyond elastic limit of the material 
of shell. Let us explain, are such these shells, that is what 
conditions they must satisfy theit geometric dimensions and 


mechanical characteristics. 


Maximum voltage/stresses o on the surface of shell during 
supercritical deformaticn appear in the zone of powerful local 
bending and are determined froa the foraula 

once (!)toe 


For the deformations 


In p. 2, it is shown, that parameter a in entire time of 
supercritical deformation retains one and the same constant value 
a = 0,54e-", ext 
Therefore maximum voltage/stresses from bending on the surface of 

shell are constant and equal to 
a, 2nR —%\"2 si, ( m \% 
o=c'E (25 0,54e ) é (=) ; 
Substituting here value of n, determined by the relationship/ratio 
(f)'= x Rb \2 
0) = wae (TF) 
we will obtain 


= 0.465 ($2), 
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Thus, the examinations p. 2 can be used to shells with the 
limited elasticity, in particular, formula for the lower critical 
load 

q, = © (1,16e-": + 0.67) 
it is possible to use, if voltage/stresses by value 04E 5 (H) ° do 
not cause plastic deformations in the material of shell. We will 
consider this condition as tat carried out, if 
6 (dR\-'> 
O4E = (Tt) <o,. 


where o, - time/temporary strength of materials of shell. 


In order to visualize the class of shells which include the 
obtained result, let us examine an example. We have 
E=2. 108 a 0, =4.- 108 Sie. 


Key: (1). kg/cm?. 


Let us assume that L~R. Thea our condition gives 
2S 2800. 


Thus, these are sufficiently films. 


Let us examine the now comparatively thick shells, that is the 


shells for which 
0, < 046-8 (88) 
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For such shells, just as in the case of axial compression minimizing 
functional J, we must observe the supplementary condition: surface 
stress of shell in the zone of powerful local bending we must not 


exceed tensile strength o,. 


In view of the fact that tae Lunction 
mine 8), y+ : 
J(a) =(nV ed) a + 1,82 42,5 - Vi 
has only one minimum, and at tue supplementary condition indicated 
its minimum be reached cannot, then with the observance of this 
condition will be 


min J =J(a,), 


where 4 is determined by the condition of the equality 


o=4¢,, 


that is from the relationsaip/ratio 


o w= cE (TR a)*oh(\" 


Page 230. 
Hence 


bites this value of Va in the expression of functional J, 


we find the strain energy of the shell 


um wis (E) Mave VES 
+ 1.43 ( (=r) \fi +182}. 


But now, as in the case otf unlimitedly elastic shells, from the 
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condition of the equilibriua 


we find the value of the received by shell load q in dependence on 
the deformation: 
q—e (178 = (“= 5) + 0.27( her + 0.67). 
Lower critical load 4, sbvcsegbalte to the maximum allowed value 
A=2/3. Consequently 
= 0,R 
qe (2.18 Ve (5 J +0.8(— R) Vz +987): 


In order to make this tormula better than foreseeable and 


compact, let us introduce the parameter 
ee: 
iano Se Ye, 

Then 

“a. 0,35 -! 

G=#{ (25 + 0,80) e-" 40,67}. 
This formula is related to the shells which have the parameter 

a> 1. 
Let us explain the region of the applicability of the obtained 


formula. 
Page 231. 


For this, let us note that an the beginning of our examination we 
assumed the parameter a swail. For unlimitedly elastic shells this 
was the consequence of smaliness © In the case of shells with the 


limited elasticity in order to use the results of the 
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preceding/previous examinations, we must assume smallness a. This, of 


course, will restrict the class of the shells in question. 


We have 
max A = > 
Since 
d= = aut, 
that 
fst 
git) de Bs 
Substituting here 
a= (1,75 “)". 
we will obtain 
Ed \2 
<< 04 : 


We will consider the condition of smallness a as that carried 


out, if 


§ 3. Cylindrical shells during twisting. 


The investigation of tae supercritical elastic states of 
cylindrical shell during twisting so will be based on the 
application/use of principle A (chapter 1, § 2). According to this 
principle the determination of supercritical elastic states is 


reduced to the solution of variational problem for functional U-A 
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during the isometric transtoraations of the initial form of shell. In 
connection with this we will begaa our presentation from the 
construction of special ones, isometric ones to cylinder, the 
surfaces with the aid of wuich iet us approach the form of shells 


during the supercritical deitormation, connected with twisting. 


1. Special isometric transtormation of cylindrical surface. Let 


us take correct infinite prism with even number n of faces. 


Page 232. 
Let 
a - one of the faces of prisa, L - the fin/edge of this face and 6 
- the plane, passing through the axle/axis of prism and the fin/edge 
f, Let us designate througa e the unit vector, directed along the 
axis of prism, and through e* - vector, perpendicular to plane 6. Let 
us visualize that from point P of face a proceeds ray/beam S, 
perpendicular to plane § which is reflected from the internal 
surfaces of faces. It is not difficult to see that this ray/bean 
after reflection from ail faces again will hit point P (Fig. 44). The 
trajectory of ray/beam is polygon Up. inscribed into the section/cut 
of prism, perpendicular to axle/axis. Perimeter u of polygon Up does 


not depend on point P. 


Let now ray/beam S, whica proceeds from point P, have a sense of 
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the vector e‘+tetg%. This cay/beam after reflection from all faces of 
prism will hit certain point P* of face a (Fig. 44). The trajectory 
of ray/beam PP* is the broken line whose component/links compose with 
the axle/axis of prism constant anyle w/2-8. The projection of this 
broken in the section/cut of prism to a plane, perpendicular to its 
axis and passing through point P, there is not that another as 
polygon VU,p Hence it foilows that the distance between points P and 
P* does not depend on point P and is egual utg’, where u- a 


perimeter of polygon U>p. 


Let us take now on tie face a of prism infinite into both of 
sides periodic curve y with periouw utg# let us conduct from each of 
its points P ray/beam Sp Phese ray/beams form certain surface of Z 
with fin/fedges on the faces of prism (Pig. 45). Let us show that this 


surface is isometric to cylinder. 


Really/factually, Z* aad Z" - the regular parts of surface Z, 
which adjoin on the finsedge y*, which lies at face a*. Surfaces Z'* 
and 2” are cylindrical. Let us continue the forming surfaces Z' for 
face a*. Then we obtain surface Z*. This surface is obtained by the 
mircror reflection of surtace Z" relative to plane a*., Hence it 
follows that surface, comsprised of Z* and Z", and the surface, 


comprised of Z' and Z*, in the vicinity of fin/edge y'* are isometric. 


DOC = 78221909 pacze +4 35% 


Page 233. 


But since the second surface, Obviously, is locally isometric plane 
in the vicinity of fin/edye y', then this same property possesses the 
first surface. Thus, surface Z is locally isometric plane everywhere, 
including on fin/fedges. Since Surtace Z is complete, is locally 
isometric to plane and topologically equivalent to cylinder, then it 
is isometric to cylinder. Afficmation is proved. In connection with 
the forthcoming application/appendices we will now reproduce the 
construction of surface of Z somewhat a modified form, convenient for 


use. 


Let us take the correct a-angle prism of height/altitude L with 


the perimeter of basis/base 2sk.,a, and a, two adjacent faces of 
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prism and AA* - lateral edge, on which they adjoin. Let us conduct 
radial plane § through fin/fedye AA* and will construct the plane a, 
parallel to the axle/axis of prisa and which separates the faces a, 


and a, in half (Fig. 46a). 


Let us introduce in plane f tae rectangular Cartesian 
coordinates *, y, after accepting for x axis straight line, on which 
intersect the planes a and pf, but ian the origin of coordinates - 


middle of the segment of tais line within prisa. 


if 
/ 
/ 
/ 
vA 
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Fig. 46. 


Let y - curve in plane f, yiven by the equation 
p= y (x), 
where y(X) - the functicn, waich satisfies the conditions: 
1) y(x)= y(— x), 
2) y(x+ <)=—y»(t4-+). 
Let us conduct through curve y cylindrical surface with 
generatrices, parallel to cut PQ, which connects apex/vertexes P and 


Q of faces a, and ag (Fig. 46b). The part of this surface, 
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arrange/located within prism, iet us designate 2, It is limited by 
curve y, and ya, lying/hcrizontai at faces a, and ag respectively. In 
view of conditions 1) and 2), superimposed for function y(K), the 
curve y, after rotation about tne axle/axis of prism to angle 2e/n in 
the appropriate direction is combined with curve yz. Hence it follows 
that if we for each pair of the adjacent faces of prism by the method 
indicated construct cylindrical surface 2, then they form the closed 
Surface of Z (Pig. 46c). Constructed so surface Z is isometric to 


cylinder. 


Let us calculate some vaiues tor surface of Z, utilized 
subsequently. In view of the fact that surface Z is comprised from 
parts, congruent Z,, we can be restricted to the examination only of 


this piece. 


First of all, we note taat with considerable n for an angle & 


between forming surfaces 2, and vy the axle/axis of prism we have 
~— 4aR 
adler i 
Let us find normal surface curvature 2, in the direction, 
perpendicular by its generatrices. Curvature in radial section is 
equal to 
k,= 

Since y*2+1~1. Hence on the Euler formula, normal surface curvature 


Ze in the direction, peipendicular to generatrices, will be 


b= 3%. 
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Let us determine the curvature of the fin/edges y, and yg, which 
limit region Za 


on surface of Z. For this, let us supplement the 


system of coordinates %, y in plaae fp to the three-dimensional system 
of coordinates &, y, Z. 
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Then the equation of surface 7, 


will be 
x=atueos @, 
yo ye. 
z=vsint. 


Faces of prism a, and a, at which lie/rest the curves y, and 72, are 
assigned by the equations 


ty= (te =) z+ const. 
Curves 7, and y2 as the intersections of surface ¢, 


with the faces 
of prism, are assigned by the matching system of four equations. 


Accepting u for the parameter along curves y, and ye, We find 


» yoy (4), gant —2_, 
te die & to 
5 on ; og 
x’ = + BA = y’ = y"(u), = + y 
tg tg — 


With seall w/,and @ for cucvature * 


curves 7, and yz is obtained 
the formula 


” 
ew a\y'| 
a 


n 
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Let us find the angle ®, formed by the tangential planes of 
surface 2, with the planes of curves y, and yo, that is by the faces 
of prism a, and ag. The normals to the planes of the faces of prisa 
have the angular coefficieats 
0, +1, —tg, 

The angular coefficients of nocmal to the surface Z, are equal to 
y’ sind, —sind, — y’ cos®. 

Hence for an angle #, is obtained the expression 


ent ((e egy + ey 
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The cell/felement of the arc of curves y, and yg is equal to 
ds ={(1 ~ y+ Fa yan. 
Let us take points xX and X* ia curves, which limit surface Z, 
and arrange/located on one vertical line (Pig. 47). If surface Z 
isometrically is superimposed oa initial cylindrical surface, then 
points X and X* will not be located on one generatrix. Let us find 
the angular displacement of point Xx relative to X® during this 


imposition. 


Let us continue on periodicity surface 2Z, for line ya ein - the 
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second end linear generator, tuat proceeds from point X (Fig. 47). 
Triangle XX*X" - rectangular with right angle at point X*. If we are 
run up/turn our cylindrical surface to the plane of triangle Xx‘x", 
record/fixing points X and k™", then X* will move in the direction of 
the height/altitude of triangle in certain distance of d. In this 
case, the distance between points x and X* will increase by value 
Ak=dsin@, 
and the which interests us snift of point X' relatively X will be 
6 = 2d cos $. 
For value Ah, we can obtain expression with the aid of function 


y("%), that assigns curve y, tarough which is passed the surface 2a. 
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Specifically,, since Ah there is a difference between the distance 
points X and X* on surface Z, and in space, then 
, Ln 
Ah =F Jy? ax. 
- LR 
Hence for the amount of shift X relative to X* is obtained the 


following expression: 
or, since angle $ is small, then 


In the amount of linear shift 6, it is possible to find the 


angular displacement 


Lr 


ae ! 72 
o= R= By J ydx. 


RB 


of 
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Angle w we will cali the angle of twist of cylindrical surface 


with its bending into surface ot Z. 


2. Expression for functional W(Z). The determination of the 
elastic state of shell during supercritical deformation is reduced to 
the examination of variational proplem for the functional 

W (Z)=U—A, 
where U - strain energy of shell, A - the produced by external load 
work. Let us find expression U and A for the isometric 
transformations of initial cylindrical surface into form of Z. Strain 
energy 

U=U,+ Uy, 
where U, - energy of bending over basic surface, U, - strain energy 


y 


along fin/edges. 
Page 238. 


Energy Uz, per the unit surtace area of shell is calculated from the 
formula 

Oz = sqqmay (Abi + Adi + 2v.Ak, Ake) 
where Ak, and Ak, - extreme changes in the normal curvatures upon 


transfer from initial cylindricai surface to surface of Z. In view of 
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the smallness of angle @, it is possible to count that 
Ak, =k— >. Ak, = 0, 
where k - normal surface curvature Z in direction, perpendicular to 


its generatrices, and R - cadius o£ initial shell. 


Since surface Z is comprised trom n of congruent regions Za 


that 


2=ffe dS=nf { Tas. 


Zz ZA 


Designating b(") the length of the cut of the forming surface Zas by 
passing through the point (xX) Curve y, with small ones 8 and w/n let 


us have 
Lp 


J Das ~ aay z b(x) (k(x) —z) ax. 


Length of the cut of generatrix 


b (x= (5 vin + 9(0)) 2. 
n = 


Taking into account the smallness of values w/n and 8, and also 


expression for a=2wR/n, we wili obtain 


b (x)= (=F + yi) FB 


Hence 


[J Oem wast fl (3 +9) (4r —y) ae. 


Page 239. 
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In view of conditions 1) and 2), which satisfies function y(%) (see 


Section 1), we can write 


Lf 4 LR Lp 
f yy” dx =0 { ydx= f ydx = 
~LR -Lf2 LR 
-L/ 
LR L 


Therefore 
f° LR 
if NERS ( aaa 
(fe eas 1) ee cea ee 
ZA ae 
. LR 
' nk r 
T $a (l — ¥) RO | y dx + const. 


“Lr: 
Thus, energy of bending over the basic surface of shell is equal to 
Lr 


sil ERO ay 
U2= TI i bias 
~LR 


Lp 
rE = 
+ tad 4 ROP | y dx + const. 
fa 


Let us calculate now energy U,. We have 
Uy= Uy+ AU,, 
where 


U=an f cEd *@*x'" ds,, 
ES 
AU, = "aw J o(— 2k, + k, + ki) ds, 
vy 
Here # - angle between the plane curved 7 and the tangential planes 


of surface Z along this curve, ‘* and & ~ normal surface 


curvatures Z in the direction, perpendicular to fin/edge, and *, - 
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normal curvature of initial cylindcical surface in the corresponding 


direction. Let us begin trom the determination of value AU,. 
Page 240. 


From the construction ot surface of 2, it follows that the 
normal curvatures ek, and & ace equal in magnitude and have 
opposite signs. Therefore %“+*=9% and, therefore, 

AU, =" eq f tha dsy. 
If we designate through a tae saghe between the tangent to curve y 
and the direction of the axle/axis of prism, then 

k, = costa, 
It is not difficult to cbtain expression for an angle a, on the basis 
of equation by curve y. With small w/n and 4 we have 
(+ 28) 

(1 + xy + oe ” 


cos? a= 


Angle 


oma ((1t ae) +r) ) 


The cell/element of arc to curve y is equal to 


‘n\2 ‘n\2\% 
aey—= (1 Ze) + (22) has 
Substituting these values in formula for 4U,. we will obtain 


Le 


Let us calculate now U?. Substituting the value 9 and 4s in 
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formula for Uj, let us have for one fin/edge Vi 


“= f ceo"(2)riyrih(( + 24) 4 (28) ax = 


5s 4 


= [2 (Si + Gal + (ZI ee 


-ln 
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In view of smallness $8, it will be 
yin? y’n\2 
3) >(2). 


Therefore it is possible to count that 


The energy, connected with local pending, on all fin/edges of surface 


Z is equal to 


La 


Uy = enEd" (4) ly” ("*(1 + (22 )*) ax. 


-Ly 


Store/adding up the obtained tormulas on U;,, UY and AU, we find 
total energy of the supercriticai deformation of the shell 
Lr 
_— __ ERS yt 
U= ma Ayo i y dx + 
4 enEO" ( = y fis | y” mw |ih ((1 += ye J )ax + const. 
Hence, taking into account of coadition 1) and 2) for function y(%), 


we will obtain 


LA 
nERS® 2 
or ( ae : hed pins 


LA 
+ 2cnEb" (4) | y”|"* (1 + (3)’) dx + const. 
ia 
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Let us introduce dimensionless variables # and JY. set/assusing 


6 
* 
2 


os aoe a 


Page 242. 


In the new variables ¥ and Y the teature above which we will lower, 


we have 
i 
nES L w2 
Um minim (a) | ¥ex+ 
1 
+ 2ncEd'R" (4) f ly” (1 + y’”) dx + const. 
-I 


The angle of twist of sheli in new variables is equal to 
{ 
3 
o=2 (=) { y” dx. 
-1 


Just as in the preceding/previous examinations, we proceed from 
assumption about the fact that the periodicity of the 
sagging/deflections of sheli duriny supercritical deformations is 
determined by the periodicaty of sagging/deflections at the soment of 
loss of stability. Therefore parameter n, entering the expression of 
strain energy, we will deter@ine from the examination of the loss of 


stability of shell. 
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Let the hinged supported on edges cylindrical shell of radius 8, 
of length L and of thickness 6 locate under the action of evenly 
distributed on edges tangentiai force s. Let us introduce on the 
surface of shell curvilinear coordinates &, y because this was made 
in the preceding/previous examinations, and let us designate through 
w(X, y) the radial sagging/faeflection of shell at the moment of loss 
of stability. Punction w(x, y) satisfies the differential equation 

2D AAbAw + py So — 26d (2) m0. 

In the linear theory ot snelis for sagging/deflection w(%, y) 
usually is accepted the expression of the form 

w= csiny cos(“2 FY), 
If this expression is substituted anto equation for w, then we will 


obtain two relationship/ratios tor values n, 7 and s. 
Page 243. 


The small value s, determined by these relationship/ratios, is equal 


s, ~0,8E $ (zr) ° 


and it is upper critical load. Tais value s is obtained with 


~~} R 
y= Ma n a e-'k, 
ye = EL “ 


where 


~0.75, em +: 


y= 1.8. 
Substituting the obtained value of n in the expression of the 


strain energy and angle of twist, we will obtain for them the 
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following resultant expressions: 


1 
nED L “a 
Umea (a) { ¥ae+ 
1 


+ Incz7ES (=) ( Ly” (1 + yw) dx + const, 
o=2(4) (F)" { y?dx 


3. Investigation of supercritical deformations of shell. With 
€=0.75 we have 


ia we (%) J(y), @==2- 0,75°(5) (tr)" Ay). 


where 


Hy = f(y? +4351 y" (1+ y%))ax, 


! 
Ay) = fax. 
-1 
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Function y(%), the assigning form of shell during supercritical 
deformation, we will detecmine trom the condition of the minimunp of 
energy of elastic deformatioa U at the assigned/prescribed angle of 
twist wo, that is from the conditioa of minimum J(y) when A(y)=const. 
The solution of this variationai problem let us search for among 


functions y(%), that satisfy the conditions: 
1) y(—1) = y(1) =0; 
2) y"(x)—a doh [xl <o<i; 
3) y"(x)=0 npn |x| >, 


Key: (1). with. 
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where a and b - varied parameters. Graphically function y (%) is 
represented in Fig. 48. Graph consists of two rectilinear cuts, which 
smoothly adjoin the parabola. Anmalytically function y(%) is assigned 


by the equations: 


y (x) = abx — ab npr x >6 
y (x)= — abx -- ab npn x<—)d, 
y(x)= oe ab nfin jx] <b. 


Key: (1). with. 


For the integrals, enteriny J(y) and A(y), are obtained the 


following expressions: 


1 1 
{ y” dx = 2%, ( y? dx = 20%? — + a6, 
-! 
5 
| ly" HO + y*)ax— 20% + 5 atnbe. 
aa 
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Pig. 48. 
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Substituting these values in J and dA, we will obtain 
J= 2u% + 4,35 (2a'sh + 3 a’), 
A= 20% 2 5 a%bs, 

The task of minimum J undec condition A=const we is solved 
numerically. Specificaliy,, crecord/fixing A, we are assigned by the 
different values of parametec b, from condition \=const, we find the 
corresponding to them values ot a, then we compute J and we determine 


its small value. 


During this solution of task, logically arises the question 
concerning are such the allowed vaiues A. In crder to solve this 
question, let us note that the dimensionless variable y according to 
sense does not exceed unity on sodule/modulus. But since 


max|y|= — +4 ab, 


that 
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consequently, 
4 
h< (2 — 76), < 2,7. 
(1- 5) 
By method indicated above at values A from interval 1¢r\<€2.8, 
through every 0.2 were obtained values minJ. In this case, it turned 
out that the value of tue variavie b, for which in the interval of 


values A indicated was reached minimum J, it does not virtually 


change, and it it is egual +U.3. 


Substituting the value p=0.3 in expressicns J and dr, we will 
obtain 


4=0,1440?, J/=0,6a?+ 4,350" (0,6 + 0,018.22). 


Whence 
J= 4,154 + 7,12" (0,6 + 0,1252). 
Let us establish communication/connection between the 
common/general/total detormatioa ot shell which is characterized by 


the parameter A, and by the received by shell load. 
Page 246. 


Condition of the equilibrium of shell - 


du _ dA 
ae Gh 


where U(y) - the strain energy, A ~ the produced by external load 
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work. Strain energy - 
24 (T— vA) (z) 4, 
Let us find the work A. We have 
A= °aRdsoR. 
Substituting here the values 
_ =, 0 rage 3 (£\3/ RO\% 
s=sER, w= 2-0,75 (=) (+7) he 
we will obtain 
= = L\/ Rb\~" 
A =1,7nsEo (z) (+r) a. 
From the condition of eyuilibrium, we now find which interests 
uS cOmmunication/connection petween load and deformation 
= a ' "a 
5 = 0,0272(4,15 + 1,060-"* + 1,14") (+r) ; 
It is easy to see that function s(A) monotonically decreases 
with \<2.9, therefore, and despite all allowed values A. This 


completely corresponds to the character of transition to 


supercritical deformations. 


Let us find the small value of 8S. We have 


SO ae 


With b=0.3 value A<2.2. Therefore 
mins = 0,18 (4r)". 
Thus, the smallest received by shell load during supercritical 
deformation, that is lower critical load, is determined from the 


formula = 0186 2 (1)" 
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and comprises approximately the iourth of the upper critical load 


ax 6 / RS \% 
$= 0.8E 5 (tr). 


Our all examinations, until now, were related, strictly 
speaking, only to unlimitedly elastic shells, since we did not 
consider that fact that in tne zoae of powerful local bending were 
possible the inelastic detormations. Therefore for real shells, i.e., 
the shells, which possess the limited elasticity, the obtained 
results are used only witn the observance of some conditions. Let us 


find these conditions. 


For maximum voltage/stresses o in the zone of powerful local 
bending, we have the forsaula 
6 = cE Gy’ 
Substituting here values #@ and *, we will obtain 
o = c’E6" (=)1y” ey 
or, in the dimensionless variables &, y, 
, n \2 wy) Rb \"/ 
o=c'E(~)16|y 1 (4r)". 
Determining the value of parameter n from the relationship/ratio 
R rs Rb " = 
+ =?(z) » &§=0,75, 
we will obtain 


O=21E S| y"|*. 


The great value /y* =a is obtained at the greatest value A=2.2 
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and is determined from the condition 
A = 0,144a?. 
Hence a=3.8, and therefore 
o=~4E 4 ‘ 
Page rts. ; ' 

Thus, our examinations are related only to such shells with the 
limited elasticity of material, wnose voltage/stresses by value 4E6/R 
do not cause plastic detormations. We will consider this condition as 
that carried out, if 


4 
4ER <G,, J 


where % ~- time/temporary strength of materials. 


Example. For shell of steel E=2¢10¢ of kg/cm?, 9% =4-10° kg/ca. 
Our condition is reduced to that, in order to 
£ > 2000. 


Thus, the discussion deals with very films. 


Now we will examine the Supercritical deformations of 
comparatively thick shells, that 1s the shells, which satisfy the 
condition 

0,<4E 5. 
For such shells of the deformations, examine/considered above, they 
lead to the voltage/stresses ia tae zone of powerful local bending, 
which emerge beyond elastic iimit of material. In connection with 


this according to the considerations which already were given in the 
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preceding/previous paragrapos, @inimizing functional J with rA=const, 
we must place as supplementary requirement the observance of 
condition o<o,, where a ~ voitage/stress in the zone of powerful 


local bending. 


We found for bending stresses the expression 
o=2,1E 2 Va. 
Hence it follows that at the considerable deformations of 
comparatively thick shells parameter a retains constant value, 
precisely, ; 
o=(a7 er)". 


Page 249. 


Por such deformations the ainigua of the functional 


J= 20% + 4,35 (2a + 5 a'sb8) 


is obtained with the substitution of the value 
1 of 
eS 


and of value b, which at the value of a indicated is determined by 


the equality 


A= 2a2%h? — ; a®b, 


From the condition of the egualibrium 


we find communication/connection between deformation A and received 


by load S. Specifically,, 


ae , aj 
s =(),0272 We’ 


Ce 0c 
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Sinimizing s from the parameter of deformation, we find its value 


s, Corresponding to lower cratical load. Figure 49 graphically 


depicts the dependence of 5s; om tne elasto-plastic properties of 


material. 


The presentation ot this paragraph can be summed up by following 


conclusion. 


The received by sheli load during twisting in the course of 
supercritical deformaticn is decreased. If the geometric parameters 
of shell and the mechanicai characteristics of material satisfy the 
condition 

4E > < 6,. 
then the smallest received by sheli load, that is lower critical 


load, is determined from the formula 


5, = 018E (7) *. 


 .- 
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But if the condition indicated is not satisfied, that is if 
4E > 6, 
then 
-_ 8 ( RB\"% 
3, s,E R (33) . 
where the coefficient Ss, depends on the parameter 


1 0,R 
= Tn 
This dependence is represented in Fig. 49. 
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SUPPLEMENT I 
SOME QUESTIONS OF DYNAMICS. 


The methods of the study of tae supercritical elastic states of 
shells with static loadinyj, developed in chapter 1, 2, 3, can be used 
also during the solution of toe tasks of dynapics. In present 
supplement the applicatioa/use of these sethods is illustrated on the 
specific problems of the stapiiaty of shells with dynasic load, and 


also during the study ct osciiiations with large asplitude. 
§ 1. Strictly convex shelis with dynamic load. 


We will examine the fiat stxractly convex hull, rigidly attached 
on edge. This shell under tae external pressure gg, greater than 
critical (P,). loses stability and it begins to be swelled. The process 
of bulge rapidly progresses and it leads to the complete cracking of 
shell which is accompanied by “cotton/knock". To the study of the 


dynamics of this process it will be dedicated to p. 1. 


If to shell, which is located under the external pressure qg 
smaller than critical, affects iatermittent load q, such greater 


critical, then the loss of stability of shell, caused by load q, 
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because of load gg can aiso iead to cracking of shell. The 
determination of the sinisus sosentus/iapulse/pulse qr, capable of 
causing cracking shell, waica is iocated under pressure qo, will be 


given in p. 2. 


1. Dynamics of "cotton/knock" with unifors loading of shell. 


Page 252. 


Let us visualize sufficiently tiat strictly ccnvex shell, rigidly 
attached on edge, on whica aifects the evenly distributed external 
pressure P>?. Under this pressuce the shell is swelled and, thus, 
it starts up. The deforwgation of shell is cospleted by the cosplete 
cracking of shell with Charactecastic “cotton/knock", The task, which 
we want to examine, consists in the study of the deformation of shell 
on time, in particular in the expianation of the physical cause for 


"cotton/knock", 


Qualitatively the deformation of shell we will visualize in the 
Manner that this is represented in Fig. 50a, where are given noraal 
sections of shell at successive soments of time. Figure 50b the sage 
process depicts schematically wita respect to the accepted by us 
method of approaching the fora of shell. The deformation of shell up 


to torque/moment t we visuaiize in the form of twofold sirror bulge 
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(Pig. 50c). It consists of tne siccor reflection of the segsent of 
shell relative to plane u, ciose to edge, with the subsequent 


reflection relative to piaue fp. 


In order to determine the sotion of shell in the deforsation in 
question, we will use Hasiiton-Ostrogradskiy‘’s variation principle, 
according to whom a variation ia the functional 

I= fWat, W=eK—-U+A, 
is equal to zero. Here K - tae kinetic kinetic energy, 0 - the strain 
energy of shell, A - work, produced by the external pressure p. Since 
us interests a question concerning the physical cause for 
"cotton/knock", we will be rcestcicted to the study of aotion in the 


final stage where is observed the phenomenon of "cotton/knock*". 


Let us determine vaiues add/composed by K, U and A in integrand 


W. Let us begin from strain energy JU. 
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If the planes a and §, which are determining sirror bulge, are 
sufficiently distant fros each otaer (but us interests now precisely 
this case), then 

U = nckb" (7 + 4) eon +(e). 
where h - height/altitude of the segment, intercept/detached by plane 
B, Ry and Rg - main radii of curcvwature in the center of bulge, 5 - 
thickness of shell. By siygo (*) mackedly analogous add/cosposed, 
which corresponds to plane a. Under our aSsuaption about the 
character of the deformation ia question this expression is 


Stationary, and therefore it is unessential. 
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Work A, produced by tae extercaal pressure p by the deformation 
of shell, with an accuracy to unessential ters/cosponent/addend, 
which we also will designate (*), at is detersined from the forsula 

A = — 2pV +(e). 
where V - a volume of the segsaent, intercept/detached by plane 6, 
i.e. 


V =a? VRR, 


The kinetic kinetic energy of shell is equal to 
K = 5 Sy (2h'P, 
where S - an area of the segment, antercept/detached by plane $, 6 - 
thickness of shell, y - sateriai density, 2h* - deformation rate. We 
have 
S =~ 2ah VRR, 

Substituting the obtained values into expression W, we will 

obtain 
W = 4th VRR, byh™ — ncEd™ (+ Z-) C20)" — 
— Inph? VR,R; + (+). 
Thus, expression W takes the fora 
W =, (an” — c,h ~ enh”) + (0). 


where Co, Cay C2 - positive coustants (they do not depend on h). 
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Prom inversion into zeco vaciations in functional J, it follows 
that function h(t), that assiyas aeforgation, satisfies the equation 
of Gylera - Lagrange 

hh” +h + Fe, VR + 2eh me. 

Multiplying this eguatiou oa at and integrating, we will obtain 

hh” + c,h + ¢,h* = ¢ = const. 


Integration constant c, obviously, is sore than zero. 


At the moment of coaplete ciacking (h90) h*'7e. But since h 
according to sense iS non-neyative, then the speed of bulge (h*') at 
the moment of cracking suffers oreakage. Physically this seans that 
the cracking is accompanied oy skock. AS a result of this shock is 


obtained the “"cotton/knoca". 


2. Critical momentus/iapulse/pulse. Let us examine flat strictly 
convex hull, rigidly attached on edge, which is located under the 
external pressure gg Smailer than the upper critical value 4% Let 
this shell experience/test the short-term external pressure gq, which 
considerably exceeds 4% Then at sufficient intensity of 
nomentum/iapulse/pulse gr, created by this load, the most coaplete 
possible cracking of sheii. Let us estimate the value of this 


momentum/inapulse/pulse. 
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We will visualize the deformation of shell under the pover 
influence indicated on at as follows (Fig. 51). At the initial sosent 
under load q, the shell ioses stability and it begins to be swelled 
(1). Then bulge increases and it leads to partial cracking (3). After 
this the shell either reduces its anitial forse (bulge disappears), or 
at some torque/moment (4) deforaation stops, and then again increases 
before complete cracking. Us laterests that case when is realized the 


second of the possibilities sadicated. 
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Pig. 51. 
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In view of the short duration of the action of load q, it 
communicates the region of buige speed ¥, which is determined by the 
relationship/ratio 

Sdyu = Sqr, 
where S - an area of the reyion of bulge, 6 - thickness of shell, y - 
material density. Hence 
vet. 
The kinetic kinetic energy of shell, caused by the effect of 
momentum/impulse/pulse gr, is equal to 
Km Sey 
This energy, just as the produced by pressure gpg work A, in state (4) 
they transfer/convert into the strain energy of shell. Thus, we have 


the equality 
U(4)=K + A(A), (*) 


where (4) it indicates that tae corresponding value is determined for 
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the state of shell (4), when tae deformation rate is equal to zero. 


In view of the instabiiity of the elastic state of equilibrius 
in the form (4) (chapter 1), tae Snell from this state either reduces 
its initial form or it transfer/converts to complete cracking. 
Everything depends on that, there will be load q(4%), received by 


shell able (4%), is less taan Yg OF more qg- 


Depending on sagging/deflection 2h in the center of bulge, the 
strain energy is determgjined frow tae foraula 
= 4,({ | i % 
U=ncEb (a +z)e@n 
The produced by the external pressure gg work is equal to 
A = 2ngoh? VRiR;- 
Substituting these values in redationship/ratio (*), we will obtain 


equation for sagging/detiection 2h in state (4). 


The received by sheli ioad with bulge depending on sagging in 


center (2h) is limited on the foraula 


3 l ! 1 és 
2 “(a +e) VER YE 
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The minimum value qg, at which is possible cracking shell of state 


(4), it is determined by tae coadition 


9 = 4 (2h), (ee) 


where 2h it is found from equation (*). Therefore the sininua 
monentum/impulse/pulse qt depending on static load go we will obtain, 
if we exclude parameter b trom eyuations (*), (**) and the obtained 


relationship/ratio is solved relative to qr. 


Let us designate tarouga g, lower critical pressure for a 


shell. In chapter 1 (page 55) for at is obtained the foraula 


3 1 1 1 s? 
a= — cE [| — ool Tk 
uma + a) TRE VE 
where 2h, - the maximum geometrically permissible sagging/deflection 


in the center of bulge. Values U and A in relationship/ratio (*) can 


be written thus: 
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U= 5 mq, VRR,(2h)" y Bh, 
Amdo, VRR Qh VI, 


In expression for A, we used eguaiaty qg=q(2h). 


Now relationship/ratios (*) and (**), from which it is to 


exclude h, they will be wratten as follows: 


§ 4 VRR:(2m)" V IK, =k, 
ay 2 = do 


Parameter h easily is eliminated, and we obtain 


Zo VRR, (2h)? = Kg, 


After substituting into this relationship/ratio the value 


S(qiy 


let us have 
az S (qty 
& gt VRR,(2h,) = ep 
Page 257. 


Hence it is apparent that aosentum/impulse/pulse qr will be mininua, 
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if is maxiwal S, that is tne area of the region of bulge at the 
moment of loss of stability. Beiny segment, this region will be 


greatest at height/altitude 2/, Ia this case 


S == 2ah, ) XR). 


Substituting this value io the obtained above 


relationship/ratio, we tind 


1 (gt) ¢) 
z0(24,) =a =, 


This formula establishes compunication/connection between the value 
of the static external ;ressure yg on shell and intermittent load q, 
which effects for time +r, capable of causing the complete cracking of 
shell. Let us recall that aere 4, - lower critical pressure, as we 
it determined in chapter 1, 2h, - the maximum geometrically 
permissible saqging/defiection of shell with mirror bulge, 6 - 


thickness of shell, y - materiai density. 
§ 2. The dynamic load ot cyiandriacal shell. 


In present paragraph we will examine the tasks, analogous to 
that which in § 1 are scived tor strictly convex hulls. Let us 
visualize cylindrical sheli, hinyea rested on edges, which is located 
under the action of the axial compressive load qg smaller than the 


upper critical value. Let on tais shell short-term affect load q, 
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———___________which considerably exceeds upper critical. 
In this case, the shell ioses stapility and it begins to be swelled. 
At sufficient intensity of the momsentua/impulse/pulse of load q, it 
can happen, that the shell does not reduce initial cylindrical fora. 
The determination of thas ainigua somentus/iapulse/pulse composes the 
content p. 1. In p. 2 1S examined analogous task for the 


momentum/impulse/pulse, created by external pressure. 
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1. Critical momentua/impuise/pulse during axial compression. Let 
us examine the cylindrical shell ot radius Rk, of length L and 
thickness 6, hinged supported on euges, which is located under the 
action of the axial compressive load qg. Furthermore, on shell 
short-term affects load gq tor a period of time r. Let us explain, at 
what value qg the shell, ater losing stability under the action of 
load q, reduces its initial cylindrical form. In connection with this 
let us examine, first of ail, the initial stage of the deformation of 


shell in time. 


We will assume that the bulge of shell at the initial moment is 


described by the law 
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w= w (f) sin P* sin}. 


Here w - the normal sagginy/detiection of shell, s and no - the 
integral parameters, which Characterize the form of wave formgation on 
the surface of shell with buiyge, x, y - coordinate on the surface of 
the shell: x - om generatrix, y - according to the circular 
section/cut, perpendicular to axle/axis. On the basis of the 
assumption indicated about tne caaracter of the sagging/deflections 
of shell with bulge, let us find tunction u(t), that assigns a change 
in the sagging/deflection wath tiwe. For this purpose, let us compose 


the equation of motion ot snell. 


The motion of shell is deterained from stability condition of 


the functional 


J= f(K—U+Ayjat, 


of motion, 
where K - a kinetic enecgys,~U - strain energy, A - the 


produced by external load work. Let us find expressions for K, U and 
A. We will assume that kinetic energy of the sgsotion of shell is 
caused in essence by radial displacements. Then it is calculated from 


the formula 


k= [ fe? axay, 


where y - material density of shell. Simple calculation shows that 
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K = TARLyba*, 


Page 259. 
In order to determine strain energy J, let us discuss as 
follows. Pirst of all, at 1S opvious, 
b —Cwu, 


where C does not depend on u. Let us compose the equation of the 
natural oscillations of shell. Tais there will be the equation of 


eviec = Lagrange for the ftuactional 
fx —uyat 
and, therefore, it takes the fora 
ZaRLy oa" +Cu = 0. 


Natural vibration frequency w(a, a) is expressed as the coefficients 


of this equation. Specifically, 


4c 
@ = Seb * 


Hence 


C= {@aRLy. 
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Thus, the strain energy of sheli is equal to 
U= z w'aRLy du’, 


where w - the natural vibration frequency of shell, which corresponds 


to the form of wave for#ation with parameters m@ and on. 


Let us find that now produced by the external load q work A. The 
lateral deformation of sheii 1s accompanied by axial compression 


along generatrices. In section/cut y, this compression is equal 


L 
aba | wide. 


Hence the work 


am [ susre=$ [ [ waxy. 


Simple computations give 


Am SEER 


Now it is easy to write the eguation of sotion of shell. 
Page 260. 


It takes the form 
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a” —wu=0, 


where 
- 4n?gm?* 
—A#ad— ——. 
We assume load g sufficient large, so that 
o — an <0. 
Since sagging/deflection u at the initial moment is egual to 


zero, the which interests us solution of equation of sotion takes the 


fora 


a=cshot. 


So that would occur the buige, c aust be excellently from zero. In 
this case, u*(0) =cw#0. Thus, the bulge of shell at the initial 
moment has different frogs zero speeds. This, by the way, is explained 


the "cotton/knock", by whach 1s accompanied the loss of stability. 


In order to determine the constant c and, therefore, the 
deformation rate at the moment of ioss of stability, let as discuss 
as follows. In view of the tact that load q is considerably sore than 
critical, the strain energy of compression force g at the sosgeat of 


bulge is free/released and transfer/converts into kinetic 
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orion 


£m ; 
energy, From this condition it is possible to determine kinetic 


energy, therefore, and the deformation rate. 


The compression of swmeii, Caused by load q, is egual 
AL=$L. 


The total effort/force, whicn ettects on the edge of shell and 


created by load q, will be 
F = 2nR dq. 


Hence energy of shell, Comaunacated by load q, is equal to 


Us= £ 2aRLd. 


Since as a result of loss of stability energy U, 


transfer/converts into kinetic energy of bulge, then 


£ 2nRLy = i aRLy bu’, 


Page 261. 

Hence 
1 9: 2V2 
a Ve . 


Consequently, it is constant 
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q:.2VE 
wh ye * 


c= 


Thus, in initial stage bulye occurs according to the law 


Up to the torque/mcwent vr of the break-down of load gq, the total 


energy of shell (kinetic energy and strain energy) will be 


V = LaRLy bu? + 5 oFaRLy du? = 
. 2 = 
= 2xRLd £ (ch? ax +3 sh? wt) . 


After the break-down of ioad y, the shell continues to be 
swelled under load qo9. Let us Study this bulge in time. then the 
deformation of shell becomes considerable, its form it is possible to 
approach by surface Z, which is described in detail in chapter 3}. 
This surface is determined by function ¥(x t). The speed of points 


during the deformation of surface Z will be ya Ze Therefore kinetic 


raotion 


energy, is equal to 
L 
K = 2aR by f yi dx. 
0 


Just as in chapter 3, instead of function y let us introduce function 


y(x,t), set/assuming 
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In this case, 
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With the aid of functiom y(x, t) the strain energy of shell is 


expressed on forsula (Chapter 3) 


L L 
vn Fa fact BPE Fart 


L 


* 


+ 2enEd"? (ar) J Iyerl*(1 + yr)dx +, 


The produced by load yg work is equal to 


L 
A= 2aR bgo yidx. 


Let a and b - be periods of wave formaticn on the surface of 
shell in circumference and om geaeratrix respectively. If ratio b/a 
is small, then for functiom y(x, tj), that assigns the shape of 


surface of shell with large sagging/deflections it is possible to 


accept the expression 
y= u(t) sin Re, 


In this case, for the kinetic energy K, the strain energy U and of 
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work A are obtained the expressions of the fors 


K= Avw?, 


U = Bu? + B,\ a | +B,\a[* +8, 
A=Cu*gy, 


where Ay, By, ».-. C - the constants which easily are calculated. They 
depend on the geometric vaiues, waich characterize the 
size/dimensions of the shell (Rk, L, 5), Of the parameters of wave 


formation (m, n) and of elastic properties of the material of shell 
(E, v). 


Let the shell after the break-down of load g under load gp 
accomplish oscillatory motion avout basic fora. At the torque/soment 
when bulge stops, energy Ug, Communicated by load q in the initial 
stage of bulge, and work A, produced by load gg up to this 
torque/moment, completely they transfer/convert into the strain 


energy of shell JU. 
Page 263. 


Hence is obtained the relationship/ratio 


Uy + Amd. 


If we consider this relationship/ratio as equation for u, then 


it knowingly has solution with the small qg and, on the contrary, 
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there is not solution with sufiaciently large qg. #hen {er* solution 
shell will reduce its tora when it does not exist, bulge, 

speaking in general teruas, unligitedly it increases. In this case, it 

is necessary still to bear in wind that u limited by geometric 


condition (chapter 3) 


tee 
Qn 


so that the question does not deai with any solution, but about the 


solution, which satisfies tais condition. 


The maximum value gg, at which the solution still exists, is 
determined by the condition that tor it the solution is aultiple. 
Consequently, for this gpg equataou 


Ut+A—-U=0, 


. (*) 
(Up + A—Uy, =0 


they are satisfied simultaneously. If we from these equations exclude 
u, then we will obtain the relationship/ratio, which links the 
critical combination of the parameters, that characterize dynamic 


load q,s Te qdo- 


The relationship/ratio indicated between gq, r and q, is 
convenient to present graphically. For this, system of equations (*) 


is solved relative to qg and Ug. Then we will obtain 
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WB; 1 B, at 
M=etrzeilal ‘+ 
3B ¥ 
be eo 


3 Ny l %, 
U, = 7 8, \4| +7 38\4) . 


Now the dependence between values Yo and Ug easily is constructed, 


since qg and Uy are represented depending on one and the sane 


parameter (u). 
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Figure 52 this dependence gives in dimensionless variables gp, and 3, 


Parameters of the wave formation 


ad 
tae =! qe =~ 0,8. 


The shaded region answers those values of the parameters of load q, 


Te Goe by which the bulge unliwitedly increases. 


2. Critical momentus/igapulse/pulse at external pressure, We 
again examine the hinged suppurted on edges cylindrical shell. Let 


this shell locate under the action of the stationary external 
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pressure gg and of the shorct-teca (aaring vr) considerable pressure q. 
Let pressure dg be less than the upper critical value, but gq is such 
more it. Under pressure /the Shell loses the stability and it begins 
to be swelled. It can happen, that the bulge, which appears under 
pressure q, continues unlimitediy to increase. Task consists of the 
determination of the critical Combination of values q, re doe by 
which is realized that indicated possibility. This task does not 
differ in principle from that examined in p. 1, and therefore our 


presentation will here be sutficient to short ones. 


For sagging/deflections w in the initial stage of bulge, we 


accept the expression 


w= u(t)sin sin. 


Dependence of u on t is detergiaed from stability condition of the 


functional 
fix —U+A)dt, 
emcn, 
where K - a kinetic energy. U - strain energy of shell, A - 


the produced by pressure gq work by deformation. 
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We have 


tn 


a 
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where w - natural vibration trequency, which corresponds to the fora 


of wave formation accepted. 


Let us calculate work A. We save 
A=qAV. 


where AV - change in the volume, limited by shell. It is obvious, 


L 
AV = f AS dx, 
where AS - change in the cross-sectional area during the deformation 
of cylinder, i.e., 


2a 


as=t{ (R—(R+ wag, g=. 


é 
Noting that 
Qn 
f wdg=0, 
0 
we obtain 
2aR 
1 
u 


Consequently, 
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AV => i [ wax dy = at a. 


Thus, 


Now it is easy to write tae equation of motion of shell in the 


initial stage of bulge. 
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It takes the fora 


u” —@u =0, 


where 


—@=0—7. 
The solution of equation for u, which turns into zero with t=0, 


will be 


'y=cshot. 


For determination constant c we will use the same considerations, as 
in the examination of axial compression in p. 1. AS a result of the 


loss of stability and bulye, eneryy Ug, communicated by pressure q to 
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- + mot On. 


shell, transfer/converts iaato Kinetic energy, Energy Ug per 
the unit surface area is equal to 6e#/E, where « - the coapression 
stresses in shell, caused by pressure gq, E ~- modulus of elasticity of 


material. Taking into account, that o=qR/5, we find 


U.= a 


eft poten P 
Comparing @Cnecgy Ug with kinetic energy, at the initial 


moment, we will obtain 
2 = 7 ARLy be”, 
Hence the speed of bulge at the initial moment is equal to 
a’ =2 Vite: 
Since, on the other hand, u*=cé, then 
een Vite. 
Thus, in initial stage bulge occurs according to the law 


a (y= 2028 4 ana. 


Up to the torque/moment of the break-down of load gq, reported by 


it to shell the energy will be equal to 


Up= Be (cron +S sh? ar). 
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Let us study now the deforeaation of shell in tise with 
considerable bulge. In chapter 3 yaven comaon/general/total 
expression for the strain euecgy ot shell U and of the produced by 
pressure q work A with the assigned/prescribed character of 


sagging/deflections y(x). it the variables x and y are standardized, 


set/assuming 
that 
Um aere (T)! 
A= Se (t) 
where 


be | [veel dx + const, 
t . 


In expression J and d, the feature above standardized/normalized 


alternating/variable % and Y for simplicity of recording is lowered. 
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During the investigation of tue static equilibrius of shell 
under this pressure, we approached the plotted function of 
sagging/deflections y( by two cectilinear cuts, ssoothly adjoining 
the parabola in section |r). a in the course of this investigation, 


it was explained that value a was sagall. 


If now in the dynamic tas« of the sotion of shell of proceeding 
in question from the sage metanod ot approaching the 
sagging/deflections, considering it previously @ saall, then let us 
arrive at the same expression of strain energy, aS in static task. 
This is connected with the sawaliness of the parameter «= Rbl* The 
physical cause for this ayceeaent iies in the fact that the strain 
energy is concentrated in vicinity |x} «a, amd the basic portion of 


kinetic energy is concentrated out of this vicinity, that is when 
|x| >a. 


Page 468. 


Following the method, preseated in @hapter 3, let us find 
expressions for strain energy and by that produced by external 


pressure work. They take the fora 
UA, Vi + Agh + Ay, A=Cayoh. 


where Ay, e+. C - the constants which easily are determined. 
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If shell after the break-down of load q accosplishes 
oscillations about basic cyiandrical forse, then at torque/sosent, 
when the speed of motion is equal to zero (A*'=0), energy Ug and work 
A(A) completely transfer/convert iato strain energy U(A). Thus, at 


this moment 


U (i) = Uy + AA). (*) 


If we this relationshipyratio consider as equation relatively A, then 
it has ere every tige that snell reduces its fora, accosplishing 
oscillations, and is not soiution, if bulge unligitedly increases. 
Peak load gg, with which eyuatioa (*) has solution, is characterized 


by the fact that the equation relative to A 


(U —U, — A), = 0 (ee) 


has the same solution as equation (*). The critical combination of 
parameters q, T, qo Of dynamic ioad is determined by the 


relationship/ratio 
Sq. t. 9%) = 0, 


which is obtained from equations (*) and (**) by the 


exception/elimination of the parameter \. 
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Let us find relationship/ratio f=0. We have 


U=A, VE + Ad + Ay Cagh.0 = = Aye + Ay — Coo 


determining from the second eyuation VA and substituting it in the 


first equation, we will obtain the unknown relationship/ratio. 
§ 3. Large oscillations of cylindrical shells. 


The fact that the ability of shell to resist external agency 
usually weakens with considerable bulge, has by its consequence 
decrease of natural vibration treqguency during an increase in the 


amplitude. 
Page 269. 


The more precise investigation of this question will be given in p. 
1. The decrease of natural vibration frequency during an increase in 
the amplitude has, in tuca, important consequence. Specifically,, 
disturbance/perturbation, waich is found in resonance with ssall 
oscillations, does not lead to the unlimited growth/build-up of the 


latter. The study of this guestion is contained in p. 2. 


1. Natural oscillations of cyiindrical shell. Let the 


cylindrical shell, hinged supportea on edges, accomplish free 
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yl 
oscillations with the same periodicity of saggiag/deflections over 
surface, which possesses tuactios sin sin. If oscillations are 


small, then the normal sagyging/defiection of shell is equal to 


nx 


= ny 
w= uil)sin L sin —% . 


where to u(t) satisfies the eyuation 
a” -+ wa =0 


Here w - frequency. It in a specific manner is expressed as the 
parameter of wave formation a, yeometric characteristics and 


mechanical properties of snell. 


Let us examine now tne large oscillations of shell. Let us find 
the equation of these oscillations. It is the equation of Euler for 


functional 


fix — pat, 
where K - kinetic kinetic energy, U - strain energy of shell. 


In chapter 3 (page 222) for strain energy is obtained the 


expression 
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wiEY R : 
U= Ol — vat (+)4 + const, 


= 5 (2) | yrdx + 2V { y dx > 


- j 


+ 6 - v) | iy” | dx, c=. 
i 
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Punction y(x) in a knowa wanner 18 connected with the noreal 
sagging/deflection of shbeil. So as in the tasks of the static loading 
of shell (Ehapter 3), functioa y(x) let us approach the function of 


the forg 


d 
y= + cal —a) Bid |x| <a, 


y=aa(l—/x|) npw |x{/>a 


Key: (1). with. 


The graph of this function consists of parabola in section /«|<a 

and two smoothly adjacent it rectiiinear cuts with ends at points 
(-1.0) and (+1.0). If we assume a priori that the parameter a is low, 
then, as in the case of static tasks, energy during the 
assigned/prescribed common/yeneral/total deformation, limited by the 


condition 


f vax = A = const, 
me 
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is determined from the conditiow tor achievement amin J. The reason 
for this in the fact that under tne assumpption indicated the strain 
energy is concentrated in iow ceyion |x/<a, while kinetic kinetic 
energy it is concentrated in essence out of this region. Thus, the 
determination of energy of deformwation in the task in question of the 
oscillations of shell is ceduced to the determination of the siniaus 


of functional J under condition A=const. 


Substituting the value of y(x) in the integrals, entering J, 


with small a let us have 


j= (2) (4) 2Qaa? + 2(v — 1) 2a2a? + 12(1 —. v*) "al aa‘s, 


Parameter of the deformation 
i= 2 a%q?. 
Minimum J is located easily, and for it is obtained the expression 


min J = J = 3,2 (=)" 7)" mar Vi+6va. 
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In view of the fact taat the plotted function y(x) is close to 


the broken line, which consists of two component/links, the 
deformation of shell can be characterized by the maxiaua 
sagging/deflection u(t). Let us establish comsunication/connection 


between u and A. In the Standardized/norgalized variables we have 
d= fy? dx. 
-i 


In initial variables it wili be 


Ln 


&n? fee 
A= VeL | Ss dx. 
- L 


The sagging/deflection of shell 1S assigned by the function 


Therefore 


ef 
32n' ip 
L= RT | Yar. 
= 42 


Since during the deformations of tae curve/graphs of function y(x) 


question it is close to broken line of two component/links, the 
~ or 
yxy >= Tal, 


where u(t) ~ maximum sagging/deflection (sagging/deflection with 


x=0). Hence 


in 
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Substituting this value A in expression Jg, we find the strain 


energy of shell in dependence on tae saximum sagging/deflection u: 
, 29 , 
U=2A,|u|—k w+ Apo, 
where A*g, A*, and Kk - constants, moreover 


ie 4 (R\ 1 Ee 
Arete) eee 


Let us find now the kinetic energy K of the motion of shell. 
Since function y, which assiyas sagging/deflection, changes actually 
linearly in each interval (-ufe, 0) (L/2, 6), it turns into zero with 


x=+L/2 and has value of u(t) with x=0, then 
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Let us compose the equation of the oscillations of shell during 


large deformations. We have 
K—U= shit (uw? —24, |a| + ku?) + const, 
where A, and k - constants, soreover 
A= 3,1n= 


Hence the equation of oscillations with large sagging/deflections 
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takes the fora 


u”+ A, — kw =0, 


where the sign "+" must be takeu with o>0, and sign “~" with u<0. 


Thus, we have two equations, that describe the motion of the shell: 


i ( 
u”+w'a =0 npn marom fal, 
au" +A,—k'u=0 npn 60 WOM ja}. 


Key: (1). with small. (2). wath large. 


Let us introduce the function 3(u), determined by the conditions 


1) 6(a) = — 6 (— 4), 
2) O(a) = wa he 0<u< aie. 
3) 6(u)= tA— ka npu |u| >a. 
Key: (1). when. 
Let us examine now the equation 
u” +0(u)=0. (*) 


With small [4| it coincades with equation u" +#2u=0, while with large 
|u| = with equation u”+A,—ku=0.. We will assume that equation (*) 
describes the motion of shell in entire range of a change in 
sagging/deflection u(t). Under this hypothesis let us examine a 


question concerning the etfect of amplitude on the natural vibration 
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First of all, we note taat if the amplitude does not exceed a, 
then frequency is constant and eyual to w. With by an increase in the 
amplitude the frequency will decrease. Let us find frequency with the 


amplitude, greater than a. 
Page ~*73. 


L 
a ~ amplitude of oscillations. Let us assume 
a 
d= f 0(w) du. 
0 


Let us multiply equation (*) by u* and will integrate in liwits (0, 


u). We will obtain 


a” + f 6 (a) du = const. 
uv 


Integration constant is equal to A, since u*=0 with u=ca Thus, 
wu” + f oyu =i. 
G 


Hence 


d 
= wat. 


(f° wa 
U 
Integrating this equation within the limits of the fourth of the 


period, which corresponds to integration for u from 0 to a, we will 
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obtain the period of oscillatious 


a 
| sae 
0 


h— f ow) du 


0 


Consequently, frequency is eyual to 
@® (a) = 


Ta)" 


Let us estimate natural visration frequency in the case when 
amplitude a>>a. In connection with this let us note two facts. First, 


in the expression 


0 (u) == + A, — ku 
at geometrically allowed vaiues of k(A<2/3) principal term it is #A,, 
and term/component/addend k*#u has the subordinate value. 
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In the second place, with a>>a the value 8(u) when @(u) in |ju|<@ 
expression r(a) little arfects value r(a). Therefore with a>>a 


formula for r(a) it is possible to accept @(u)=A,. Then we obtain 
a 
ta@)=8Y =. 
Respectively frequency with large amplitude @ will be 


o(@= 27 A, 
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2. Forced oscillatioas of shells. Let us exasine the forced 
oscillations of the cylindrical saell, hinged supported on edges. In 


p- 1, we found the equation ot tree oscillations. It takes the fora 
au” + 60(4)=0, 


where the function $8 is determined by the conditions: 


1) 6 (4) = wu Csnpu |a| <a, 
2) O(u)—= + A,—k'u npn jal >a. 


Key: (1). with. 


This equation is the equation of fylera - Lagrange for the functional 
fx —uat. 


where K - kinetic kinetac eneryy, U - strain energy. The equation of 
forced oscillations will be tae equation of eylera - Lagrange for the 


functional 


fK—u+apat, 


where K and U have previous value, A - produced by external 
disturbance/perturbaticn work. Hence it follows that the equation of 
forced oscillations will take the fora 


u“+%(a)+o=0. 
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Let us find function @o« tor the difterent methcis of 


aiethvbanneieereekhe clica.! eads 275. 


Let the disturbance/perturobation be created by concentrated 


force of f, normal to the surface of shell, 
f= fosin wt. 


Let us designate through L* the distance of the point of the 
application of force f trom the nearest edge of shell (L‘*<L/2). In 
view of the fact that the sayginy/deflection of shell on any half 
generatrix changes almost lineaciy and is equal to zero at the edges 
of shell, sagging/deflection at the point of application of force 


will be~—2u(t)L*/L. Hence for work A, is obtained the expression 


A= f,sin wot am u(t). 


For the kinetic energy K, we will obtain the expression of the form 


K on Ky A” : 


Hence it follows that the function « in the equation of oscillations 


will take the following tora: 


0 = “fF sinot = 2 sino. 
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Thus, the equation of forced oscallations in the case in question 


during large oscillaticns will be 


au” +0(u) +Asinot =0. 


Let now the disturbance/perturbation be created by the 
fluctuating, evenly distraputed oa shell pressure q, which are 


changed according to the law 
q(t) = qo sin ot. 
Produced by this pressure wock ot the deformation of shell will be 
A=qAV, 


where AV - change in the volume, limited by shell, during 
deformation. Value AV was determined in €hapter 3 during the study of 


the static loading of sheii by external pressure. 
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If we use the obtained there result, then let us find 
AV = cu’, 


where c - certain constant, which depends on the geometric dimensions 
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of shell and parameter of wave formation n. Consequently, work A in 


the load case in question wild bave the expression 


A = c’qu? sinot. 


Respectively the equation of osciliations with large 


Sagging/fdeflections will be 


u" + 0 (a) + Ausinot = 0. 


In the case when disturpbance/perturbation is created by the 


evenly distributed alony tne edye of shell fluctuating pressure 


equation is the same, but wath its value of coefficient A. 


Let us assume now that on sSneil affects the 
disturbance/perturbation of sufficiently small intensity, but with 
frequency w=w. If the natural vibration frequency of shell did not 
change during an increase in the amplitude, then this 
disturbance/perturbaticno, no matter how was small its intensity, it 
would lead to unlimited oscillation buildup (to unlimited increase in 
the amplitude). However, as shown in p. 2, frequency retains constant 


value (w) to those pores, while amplitude does not exceed value 


pater. 
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With the larger amplitude of osciilations, the resonance of 
disturbance/perturbation and natural oscillations is disrupted. Hence 
we make important the conclusioa tnat the disturbance/perturbation of 
sufficiently small intensity with trequency » Swings shell to the 


amplitude 
a<4. 


Further oscillation buildup at the excitation frequency w is possible 
only because of an increase 1n tne intensity of 


disturbance/perturbation. 


In conclusion we want to make the following observation. In our 
all examinations we assumed the unlimited elasticity of the material 


of shell. 
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To the real shells which possess the limited elasticity, our 
conclusion/derivations are used only during satisfaction of the 
specified conditions. Specificaily,, the voltage/stresses in the 
material of the shells, which appear during large deformations, 
determined on the appropriate foraulas from Chapter 3, must not 
exceed elastic limit. In view of the fact that the character of 


deformations during oscillations tae same as and during static 
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deformations with bulge, the limitation indicated takes the same 
form, as for a back, examineuw ia @napter 3. Speaking in general 


terms, it is reduced to tne tact taat the shell must be sufficient 


fine/thin. 
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SUPPLEMENT II ISOMETRIC TRANSFORMATIONS OF CYLINDRICAL SURFACES. 


According to principle A, tae investigation of the supercritical 
elastic states of cylindcical sheii is reduced to the examination of 
certain functional, determined during the isometric transformations 
of basic form, during the satisfaction of some boundary conditions, 
which correspond to the method or supporting the shell. Por the 
isometric transformations, coastructed in chapter 3, these boundary 


conditions are not satistied. 


True, when supercritical deformation differs in terms of the 
periodicity of structure aloay tne length of shell, for example 
during axial compression eituer with combined loading with prevalence 
axial compression or combined loading with the predominance of axial 
compression, the role ot boundary conditions considerably descends. 
The satisfaction of boundary conditions in the examination of the 
corresponding tasks hardly caa substantially influence the results 
Chapter 3. It is a different matter when supercritical deformation is 


accompanied by the education/formation of continuous bulges to entire 


DOC = 78221911 PAGE -2 W/7 


length of shell, for example, in the case of external pressure and 
twisting. Here, apparently, it is not possible to disregard boundary 
conditions. In connection wita this in present supplement, keeping in 
mind the appropriate application/appendices, we will examine the 
isometric transformations ot cylindrical surface under the condition 
for hinged support along edye. The obtained results can have an 
application during the study of supercritical ones by the deformation 
of the closed cylindrical shells under external pressure and during 
twisting, and also in the examination of the supercritical elastic 


states of cylindrical panels in ali versions of loading. 
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1. Some common/general/totai properties of developable surfaces. 
We examine developable surfaces with disturbance of regularity 
(twofold differentiabilaty) aiong individual lines. On these lines it 
can occur either the disturbance/breakdown of smoothness (formation 
of fin/edges), or breakage tor the normal curvatures which, however, 
are assumed to be those limited. According to definition, developable 
surface allow/assumes imposition on plane with the 
preservation/retention/@aintaining of the lengths of curves, 
therefore, and the angles between them. Let us examine sone 


properties of developabie surfaces, utilized subsequently. 
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Let us, first of ail, uote that each smooth point of developable 
surface is the internal point of tne rectilinear cut, which lies by 
pillar on surface (linear generator). For the regular, twice 
differentiated surfaces, this is well known fact from differential 
geometry. For the more total surtaces which we examine that actually 
is established in work [13]. Realiy/actually, since point is smooth, 
and the smoothness of surface is disrupted along individual lines, 
then in this point smooth vicinity. In view of the fact that the 
normal curvatures wherever they exist, are limited, the vicinity in 
question is the surface of the iimited external curvature. while each 
point of this developabie surtace is the internal point of cut, the 


pillar of that lying on surtace. 


If through the point of developable surface pass two linear 
generator, then this point has fiat/plane vicinity, that is the 
vicinity, which is the piece of plane. Really/actually, sufficient to 
show that any cut AB with ends on generatrices t2longs to surface 
(Fig. 53). Let us connect points A and B shortest 7 on surface. Let 
us expand/scan now the vicinity of point O to plane. In this case, 
cuts OA and OB linear generator will pass in the rectilinear cuts of 
the same length and with che same angle between them. Consequently, 
in this case process/operations will not change and the distance 


between points A, B. 
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Shortest y will pass into the shortest, that is, in the rectilinear 
cut, which connects points A, B. We hence consist that the distance 
in space between points A and B is equal to length curved y. But this 
can be only in such a case, when curved y coincides with the 
rectilinear cut AB. Hence it follows that cut AB lie/rests on 


surface. 


Let AB represent the linear generator on developable surface. 
Let us show that if any point of ygeneratrix has flat/plane vicinity, 
then each internal point of generatrix also has such vicinity (in 
this case we let us speak, that along generatrix occurs the 
flattening of surface). Really/actually, let point C of generatrix 
have flat/plane vicinity. Let us conduct through Cc the rectilinear 


cut DE on surface (point C internal for cut DEB) so that it would not 


i 
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lean on AB (Fig. 54). Thas 1S possible, since point C has flat/plane 
vicinity. Let us examine the geodetic quadrangle, limited shortest 
AD, DB, BE and EA. By the given above reasoning easily it is 
established that this quadrangle flat/plane, and each internal point 
of cut AB is internal for a quadrangle, Q. E. D. In exactly the same 
manner it is proven, that it iinear generator AB and CD developable 
surfaces have the common point (ends they are not eliminated), then 
geodetic guadrangle with apex/vertexes A, B, C, D (degenerating into 
triangle, if common point it is the end of generatrix) it will be 


flat/plane. 


If along linear generator developable surface there is no 
flattening, then it rests by its ends either into fin/edge or into 
edge of surface. Really/actually, iet point A - end linear generator 
g ~ be the internal point of surface and does not belong to fin/edge. 
Then at point A surface is smooth; therefore through point A, is 
passed the rectilinear cut 6, whica lies on surface, moreover point A 


is its internal point. 
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If this cut on the one band leans on forming g, then A is not end by 
forming gq in spite of assumption. But if cut 6 does not lean on 
forming g, then on that demonstrated above along generatrix occurs 


flattening, which is also excluded, Affirmation is proved. 


If the geodetic curvature of fin/fedge y on developable surface 
is different from zero, tnen this fin/edge cannot have flat/plane 
half-neighborhood. Let us allow contrary. Let one of the 
half-neighborhoods of fin/fedge y is flat/plane (Fig. 55). Let us 
assume that this is halft-neighborhood from the side of convexity 
(w,). Let us take for y the arbitcary point A. Tangential plane from 
surface at point A from tne side of half-ueighborhood w, coincides 
with the osculating plane ot fin/fedge 7. Let us show that the 
tangential plane of surface from the side wy coincides with the same 


plane. Really/actually, since surface is run up/turned to plane, then 


poc = 78221911 pace + ¥32 


the geodetic curvatures of fin/fedge y from the side wy, and w, are 
identical and are characterized py only sign. The angles which 
composes osculating plane ot fia/edge with the tangential planes of 
surface, are determined only by the curvature of fin/edge and by its 
geodetic curvatures; conseqgueatly, these angles are equal. Since one 
of the tangential planes ot surtace (from the side w,) coincides with 
osculating plane, then also another tangential plane (from the side 
#2) must possess the same property. AS a result it is obtained, that 
point A is the smooth point of surctace in spite of assumption. 


Affirmation is proved. 


2. Qualitative study of asometric transformation of cylindrical 
surface. Let the cylindrical surctace undergo gecmetric bending with 
the formation of the system of tne congruent dents to entire length 
of initial surface, correctiy arrange/located in circular direction 
(Fig. 56a). Assumption about the fact that the dents apply to entire 
length of surface, we understand in the sense that its limiting 


fin/fedges y, y‘' connect the points of basis/base A, B. 
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The regular arrangement of deats means that the deformed surface has 
periodic structure in circuiar direction. Each dent we will assume 
convex and symmetrical relative to the plane, passing through its 
end-points A and B on tne basis of cylinder. The task, which we want 
to solve, consists in the qualitative description of the form of the 
deformed surface. In view of tne periodicity of structure, it is 
possible to be restricted to tae examination of the part of the 
surface, arrange/located between two adjacent planes of symmetry a 
and a*. Plane a* passes alony the axis of dent, while plane a - in 


the middle between two dents (Fig. 56b). 


First of all, we will anote that the lines of intersection 2 and 
1* surface with the planes of symmetry a and a* are geodetic. On 


initial cylindrical surface to them correspond linear generator. This 
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follows from the fact that the planes a and a* are the planes of 


symmetry, therefore, they intersect surface orthogonally. 


Let us assume that on line ?* there are no rectilinear cuts. 
Then through each point P of this iine passes linear generator, which 
rests by end into fin/fedge y. kealiy/factually, linear generator 
cannot go in direction ]*, since in this case it on it leans 
according to the property ot yeodetic ones, and by hypothesis /7*', are 
not contained rectilinear cuts. It remains to assume that forming, 
passing through point P, it is not perpendicular to Stakes and does 
not lie/rest at this plane. But then On symmetry relative to plane a*® 
there is one additional generatcix, passing through P and, therefore, 
P has flat/plane vicinity. put tais so is impossible due to the 
absence of straight portions curved 7". Thus, through each point P by 
curve ?7* pass linear generator, perpendicular planes a‘. This 
generatrix rests be its end into tne fin/vedge of surface y (p. 1). 
Hence it follows that the surtace in question in the region of dent 
is cylindrical, with generatrices, perpendicular to the plane of 


symmetry a‘. 
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Fige 56. 


~ 
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Let us explain now how is accanged our surface out of dent, that 
is, in the region between the ftinfedge y and curve 2. In contrast to 
the case curve /* for a curve / it is not possible to assuage the 
absence of straight portions. This assusption ismediately leads us to 
conclusion about the fact that the surface in question and in the 
region between 7? and y is aiso cylindrical, with generatrices 
perpendicular ones plane a. But toc this surface (this the 
constructed in chapter 3 surface 2) support condition for edges on 
circumference in an obvious manner is not satisfied. Thus, to curved 


] must be straight portions. 


We confirm that at ieast one of the ends of the rectilinear cut 
curved / belongs to edge of surface. Really/actually let us assume 


that both of ends A and B of the straight portion 6 of line ? are its 
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internal points. Since points A aud B do not Knowingly have 
flat/plane vicinities, then tnrouyh them pass linear generator ,¢, 
and Lp. the perpendicular planes a, abut against fin/fedge 7. The part 
of the surface w, limited by yeneratrices ¢,. g, and curves 7,/], is 
flat/plane. Really/actualiy, siace curve y is directed by convexity 
to side wo, then through each intecnal point P of this region passes 
geodetic, not intersecting y, with ends either in cut 6 or on 
generatrices ,¢, and ¢, By the reasoning, Similar to reasoning fros 
p- 1, it is easily establisnh/instailed, what this geodetic is 
rectilinear cut. Hence iat toliows that the region w is flat/plane. 
Since ws flat/plane region, then ia the section between generatrices 
&, and g, fin/edge 7 has flat/plane half-neighborhood, which is 


excluded in view of convexity y (p. 1). Affirmation is proved. 


Purther, we confirg that near ends the curve ] must be 
definitely rectilinear. Reaily/actually, otherwise will be located 
the sequence of points Q to curved /, that converges toward the end, 
through which pass linear generator, perpendicular planes a, abut 
against fin/fedge y. Transtfer/converting to limit, we consist that 
through the end ? passes linear generator, which goes along edge of 
surface. But this is impossible, since edge of surface does not 
contain straight portions (circumference). AS a result we come to the 


following two possibilities. 
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Either curve 7? is rectiiinear cut or it contains exactly two 
rectilinear cuts, each ot which by one end abut against edge of 


surface. Let us examine each ot these possibilities. 


Let us assume that the surtace in question has a plane of 
symmetry $8, parallel to basis/bases and situated in the middle 
between them. Let us examine the arc AB of the curve of intersection 
of the plane of symmetry § with surface. We confirm that if the curve 
AB contains rectilinear cut, tnen one of its ends is point B. 
Really/actually, let us allow coutrary. Then cn arc AB is located the 
rectilinear cut A‘B* (Fag. 57a), B*#B, and A* can coincide with A. 
Since points A* and B* do not knowingly have flat/plane vicinities, 
then through them pass linear generator, perpendicular planes § and 
abut against edge of surtace. Atter this by known sethod we consist 
that the part of the surtace, limited by these generatrices, 
flat/plane. Consequently, edge of surface contains rectilinear cut. 


But this is impossible. 


Let us show that arc AB detinitely has straight portion A'B. 
Really/actually, otherwise tarouya each point of arc AB, pass linear 
generator, perpendicular planes fp, with ends at edge of surface. This 


generatrix lie/rests on initial cylindrical surface. Let us examine 
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the line AC of the intersection oft plane ff with surface. It consists 
of circumference AB and rectilinear cut BC. On isometry on initial 
cylindrical surface to it corresponds circular section/cut and, 
therefore, arc length AC is equai to the arc length of the 
circumference of edge. Moreover, it is known to be shorter than this 
arc due to the straightness ot section BC. Thus, to the curved AB is, 


and besides one, rectilinear cut wath end at point B. 


Let us turn to two mentioned above possibilities for a curve Fa 


Let us begin from the case waen ] - rectilinear cut. 
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On that demonstrated, on ASB there as the rectilinear cut A*B. Through 
each point of arc AB*, pass iineac generator, perpendicular planes #, 
with ends at edge of surtace. Ine part of the surface, carrier these 


generatrices, coincides wito anitial cylindrical surface. 


Let us explain the structure of the surface between forming CD 
and by fin/edge y (Fig. 57n). Since A*B and CD rectilinear cuts on 
surface, then is triangle BCD ilat/plane (p. 1). Let us examine the 
region between generatrix BC and fin/fedge y. We confirm that this 
region does not contain fiattenings and each of its generatrices 
rests by one end into edge of surtace, but by others - into fin/edge 
ye Really/actually, if rectilinear generatrix by one end abut against 
BC, and by another into fin/fedge y at certain point E£, then arc BE of 


fin/fedge y has flat/plane half-neaghborhood, which is impossible (p. 
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1). But if it rests by one end into edge, by others - in BC, then at 
edge of surface there will pe trectilinear cut, which is also 
impossible. Both of ends of yeuneratrix neither edge nor fin/edge 
Simultaneously can belong. Thus, one end of generatrix at edge of 


surface, and another - on tin/fedge y. 


Let us allow now taat at certain point of the region in question 
is a flattening (flat/plane vicinity). Let us conduct two linear 
generator through the poiats of this vicinity. Then either edge of 
surface or fin/fedge y these generatrices intersect at different 
points. If this there wall be fin/edge, then its arc between points 
of intersection has flatypiane noali-neighborhcod. If this there will 
be edge, then of cuttings oft between points of intersection it must 
be rectilinear.; however, even that, and another is eliminated. Thus, 
if the section/cut of surface by plane @ is rectilinear cut, then 
surface has structure, indicated in Fig. 58a, where the shading 
designated the directions ot yeneratrices, and the nonshaded sections 


- flat/plane. 


Let us examine now the second case: to curved / are two straight 
portions, arranged/located are symmetrical relative to plane 8 and 


the abut against edge ot surface. 
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Through each point as curve ] between rectilinear cuts passes linear 
generator, perpendicular planes §, abut against fin/edge y. The 
structure of surface on the cemaining part is explained by the 
examination, similar preceding/previous. Final result is represented 
in Fig. 58b, where, as in the preceding case, by shading is marked 


the direction of generatiices, put the unhatched parts ~- flat/plane. 


We examined the isometric transformation of cylindrical surface 
under the condition of the axial symmetry of dents. This 
transformation corresponds to the symmetric loading of shell, for 
example, by uniform exteraal pressure. In other load cases, for 
example, during twisting, isometric transformation, possessing the 
periodicity of structure in circular direction, has centrally 


syametric dents. This transformation can be qualitatively 
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investigated by analogous method. we will not give this investigation 
and will formulate only finai result, assuming surface in the region 
of the dent of cylindrical. fhis result is represented in Fig. 59 and 


does not need explanaticas. 


3. Analytical description ot isometric transformation. The 
practical use of isometric transformation of cylindrical surface, 
obtained in p. 2, for study o£ the supercritical elastic state of 
cylindrical shell assumes the convenient analytical representation of 
this transformation. Now we will gave this idea for that case when 
dents have an axis of symmetry and it is sufficiently elongated along 


the length of shell. 


Let us introduce during tne scan/development of the cylinder of 
coordinate t and #6, after accepting for axle/axis t the axis of the 
symmetry of the predicted dent, and for axle/axis $B, - an edge of 
surface. Let in these coordinates the predicted fin/edge y be 


assigned by the equation 
B= (4). 
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Let us introduce, further, the taree-dimensional/space rectangular 
coordinates X, y, Z, COnnected with the surface in question, after 
accepting for x axis straignt line, which connects the end-points of 
dent at edge of surface, and tor y axis tangent to edge of surface in 


one of these points (Fig. 60). 


The equations of finfedyge y (boundary of dent) in these 
coordinates will be written as foliovws: 
xax(f), y= f(f), z=1(h). 
Being limited to the practically iaportant case when A* not too 
greatly, it is possible to accept $(t)=t. Then the equations of 
fin/edge take the forms 
x=t, y=6(), z=A(). 


The analytical description of isometric transformation in the 


poc = 78221911 Pace 9 +7 


version, presented in Fig. 5S%b, assumes the determination of function 
X(t) and functions &(t), by assiyning y - coordinate of the end 
linear generator depending on parameter t (see Fig. 60). For these 
two functions can be two daiterential equation, which express by 
itself the geometric condition of the applicability of the surface in 


question for plane. Let us find taese equations. 


Since surface is isometric plane, then along fin/edge the 
tangential planes of surtace form with the osculating plane of 
fin/edge equal angles. Let us conduct from point (t) on fin/edge 7 
the osculating plane of fia/edge and the tangential planes of 
surface. Normals to them lie/rest at one plane and in view of the 
character of the deformations io guestion are formed small angles. 
Therefore the indicated coudition of equality the angles between 
normals can be attributed to their projections on plane x=0. During 
planning to this plane ot the standard of tangential plane from the 
side of dent, it (standard) will pass into asia. Let us find the 
angles, formed by the projections of the standards of other two 


z 
planes with $-axis. 
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The components of the standard osculating plane of fin/edge 


along the axes y and z ake cespectively equal to 
ars 1 8’ 

cies ole 

The projected angle of standard on plane x=0 with y-axis can be 


-— 


considered equal to =-A**spt*. 


The tangential glans of surface in fin/edge from the side, 
external with respect to dent, passes through the tangent to fin/edge 
and it concerns edge of surtace. Aiong edge of surface 

Y=, zoe PY, 
where R - radius of basis/base. Tnerefore the components of the 


standard of tangential plane along the axes y and z will respectively 
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be 
” 1 ; 
er’ --§¥. |; =e 
5. 0 Oi op! 


The projected angle of standard on plane x=0 with y axis can be 


considered equal to = - E/R. 


Now the mentioned above condition of the unwinding of surface 
along fin/edge can be expressed in the form of the following 
equation: 

F = 1 *) 

The condition of applicability for the plane of surface out of 
dent is reduced to coplanarity by three straight lines: by 
rectilinear generatrix (t, &(t)), tangent to fin/edge y, and by 
tangential to edge of surface at end forming. This condition lies in 


the fact that 


1B nv 
0 1 + luo, 
t p—t r—He 
that is, 
A- + ZOt-H +E =o. (es) 
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Differentiating equations (**) and eliminating A** with the aid 
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of equation (*) , we will obtain E/2(P''t) +&*( P't-B)+EE*=0. After 

multiplication by & this equation, is integrated and is obtained 

2/3 €3+&2 (B't-f)=const. LInteyration constant is equal to zero, since 
t= 0 with t=0. As a result tor €(t) is obtained the following 


expression: f£=3/2(f-tB*"). 


This formula can be interpreted geometrically. Specifically,, 
tangent by curve y during the scan/development of cylinder 
intercept/detaches at the edye of the cylinder of cuttings off f-6't, 
but forming, which proceeds frow the same point, intercept/detaches 
one and a half times larger cut. it is hence not difficult to 
conclude that the isometric traastormation in the version in question 
will occur to those pores, wnile the width of dent does not exceed 


two thirds between the axie/axes of adjacent dents. 


Now, when function €(t) is known, function A(t) is found with 
the aid of quadratures from the equation 
n” = Fp - 60. 
One of these quadratures is fulfilled in the general case (with any 
B(t)). Really/actually, after multaplying equation by t and 
integrating, we will obtain A*t~\=-38R( #*t-8)2 (integration constant 
it is equal to zero, since with t=0 it will be #=0 and A=0). Finally 


function A(t) is represented in the form 
t 


tm — ap | (¢ — FY arte 
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Integration constant is determwined from condition A(L)=0, where L - 


length of cylinder. 


We examined the case when adjacent dents were divided by the 
piece of initial cylindricai surtace. In other version when between 
dents appears cylindrical surtace, is perpendicular to the plane of 
Symmetry B (See Section 2), tue description of form in this part in 


no way differs from that which was carried out in chapter 3. 
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Epilogue to A. V. Pogoreiov's poow “geometric stability theory of 
shells". 
T.T. Vorovech 

The problem of elastic stavilaty occupies one of the central 
places in modern mechanics. its soiution is exclusively important for 
practice in connection with the wide use of thin-walled cell/elements 
in technology, especially in ats newest branches. At the same time a 
characteristic feature ot proplea is its complexity from the point of 


view of strict mathematical analysis and numerical resolution. 


In recent years it as possibile to note serious shift/shears in 
its solution, however, ¢iftfacultaes are so great that in spite of the 
large effort/forces, whica apply here, many fundamental questions are 
not yet clear, but the numeracai results of solving one and the same 
specific problems in the different authors are obtained with large 


spread. 


For understanding of the reasons, which give rise to the 
complexity of the task otf stability, let us attempt to establish that 


must be obtained as a result of its solution. 
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During the operation of the opjects, which contain thin-walled 
cell/felements, in a nupber of cases these cell/elements can, 
generally speaking, undec the tixea/recorded conditions have several 
forms of equilibrium and even several stable forms. Of them usually 
only one is desirable, provided tor by designer. Transition into 
other forms, as a rule, wiii draw the dangerous phenopena up to 


structural failure. 


Thus, during the sclution of a question of stability we should 
describe the conditions, whico ensure the stay of thin-walled 
cell/element in the desirable, provided for by designer fora of 


equilibriua. 
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In the instruments of automation, we frequently encounter the 
opposite situation: it is necessary to explain the conditions, by 
which will be provided the transition of one form of equilibrium into 
another. Consequently, in tne Stability theory of thin-walled 
cell/elements must be developed the qualitative methods of 
determination of a number oi torws of the equilibrium of system under 
these conditions and the metaods of evaluating the degree of the 
validity of each of these foras. These two problems compose the basic 


content of the stability theory of thin-walled cell/elements. At 
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present great development underwent the first problem. As far as 
problem is concerned second, in Spite of its importance it began to 
be develop/processed only recentiy during the basis of probabilistic 


methods. 


During the analysis of the first problem in essence, they try to 
explain the limits of a chanye in the parameters of the loads with 
which this system has tne only fora of equilibriua. i Euler based on 
the example of buckling indicated the way of finding these limits the 
basis of transition to the iinearized task. This method subsequently 
began widely to be utilized and it was strictly substantiated. It 
completely justified itseii 1a connection with rods, frames, plates. 
To sizable degree contributing to this was the fact that the 
linearization in these cases is produced in the vicinity of the zero 
moment stressed state, whica can ve here designed by comparatively 


Simple, and sometimes also sSimpiy elementary means. 


However, the attempts to utalize a linearization for solving the 
tasks of the stability ot shells proved to be unsuccessful. 
Linearized concept in thas tora, in which it was applied earlier, 
gave the completely distorted representation of the critical values 
of loads. It turned out that it one should utilize, linearizing task 
of region of previously unknown solution or necessary generally to 


forego linearization and to pass to the direct global investigation 
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of the nonlinear equations, which describe the deformation of shell. 
The latter are the complex system of equations in partial 
derivatives, which contains the parameter on a certain nonlinear 
boundary-value problem. in a nusbec of cases, this investigation 
succeeds in conducting strictly; however, the 
concrete/specific/actuai Caiculation of the characteristic points of 
the spectrum is necessary to always produce approximately, mainly 


with direct methods. 
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Hence becomes clear the exceptional difficulty of the sathematical 
study of stability problem of thin-walled cell/elements, about which 
the question was above. The Complexity of task considerably 
grow/rises, if the material of thin-walled cellyelement begins to 
work beyond elastic limits. Essential difficulties we experience/test 
even when we attempt to use in the described problem approximation 
methods. The fact is that median surface of film with loss of 
stability takes the form which has sections of steady change and 
sections of a very strong Change in the relief. This very complicates 
the use of direct methods, since this form of median surface it is 
very difficult to approximate by sample analytical means. For 
obtaining suificient accuracy/precision, it is necessary to resort to 


the use of direct methods in high approach/approximations, which is 
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extremely cumbersome. The noted avove complex character of the state 
of strain of median surface in large measure is explained by the 
geometry of its nondeformed state. Here we naturally matched up and 
to the ideas of the outstanding Soviet geqemeter of A. V. Pogorelov, 
who developed the method ot tae analysis of stability of shells, 
based on the fine/thin analysis of shape factors. In connection with 
this it is necessary to say that there is a very close connection 
between the tasks of the theory ort shells and by some questicns of 
the theory of surfaces. Widely it as known that the equations of the 
zero moment stressed state of shell are identical to equations, by 
which are described infinitesimal pending of its median surface. This 
fact is one of the manifestations of deep communication/connections 
between static and geometric celationship/ratios, expressed in 
static-geometric analogy. seneralily, some tasks of the theory of 
surfaces can be treated as the tasks of the equilibrium of the 
two-dimensional media, allotted the specific physical properties. So, 
the task of the unique determination of surface under given 
conditions of attachment can be treated as the task of a number of 
forms of the equilibrium of the two-dimensional continuua, which has 
zero rigidity to bending and infinite rigidity to elongation. It is 
possible to enlarge the tocmulation of the problem, after assuming 
that the continuum has final rigidity to elongation and the energy, 


accumulated with elongation, is proportional to a change in the area. 
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We come, thus, to plateaus problew, and instead of a question 
concerning the unique determination of this surface it is here 
expedient to be interested in a number of foras of equilibrium. It is 
possible +o still enlarye the formulation of the problem, after 
supposing that the strain energy otf two-dimensional contiuus is a 
certain function of a chanye in tune coefficients of the first and 
second quadratic forms. After posing the problem of finding of a 
number of forms of the eguilibriua of this continuum, we actually 
come to stability problem of shells, as it are understood in the 
theory of elasticity. Distinctive teatures of the constructions of A. 
v. Het em consists in the fact that here the geometric sethods 
are utilized as the concrete/specitic/actual means of the solution of 


Stability problen. 


Taking into account a very small change in the lengths on median 
surface during the real deformations of shell, even if its form in 
this case substantially changes, A. V. Pogorelov comes to the 
conclusion that median surtace of shell must be close to the 
isometric representations of its nondeformed state. Since in the 
practically important cases of the condition of attachment they are 
such, that the smooth isometric representations are absent, then we 


come to the need for searching tor deformed median surface of shell 
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in the class of the smoota surfaces, close to the irregular isometric 
representations of initiai tocm. by these, in particular, is 
explained the peculiarity of the form of median surface of shell, 
which it obtains in supercritacal stage and about which the question 
was above. It is important to note that this fact is confirmed on 
experiments with very falas. The fact indicated prompts the method of 
the approximation of median surtace during the use of direct sethods. 
A. V. Pogorelov approximates by its smooth surface, close to certain 
irregular bending of the initial rorm of median surface. Appearing in 
this case arbitrariness the author finds from Lagrange*s variation 
principle. On this basis are investigated the supercritical states of 
strictly convex hulls wath ditterent loads. Under the effect of 
concentrated force, is estaviish/iustalled the absence of 
"“cotton/knock", which is conftirmea by the solution this same of task 
by Bubnov - Galerkin's method an hagh approach/approximations. For 
the case of uniform load in this way is obtained the falling/incident 


part of the characteristic ot ioading. 
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Analogous approach is utilized aiso for the calculation of lower 


critical numbers of cylindrical shells with different loads. 


Geometric considerations are utilized in the book also for the 
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calculation of upper critical torces with the only difference that 
the here for the approxiwation of deformed median surface are applied 
its infinitesimal bending. in this case, the author constructs the 
disruptive fields infinitesiaal pending, conjugate/combined in a 
specific manner along certain iine on the basis of electrical 


installations. 


Geometric approximation is tne basis of the proposed to A. V. 
Pogorelov method of solviny tae dynamic tasks. With the use of 
Q@strogradskiy - Hamilton's principle, examines the task of dynamic 
"cotton/knock" for the spherical cupola, loaded by uniform load. We 
seek the value of the supplementary momentum/impulse/pulse which in 
state will move shell into supercritical form. Here are examined 


dynamic tasks for a cylindrical saell. 


The powerful aspects of the method of A. V. Pogorelov consist in 
his clarity, simplicity of the obtained solutions, generality of the 
formulation of the problems. it is very important to note that ina 
number of cases A. V. Pogorelov's tinal formulas obtained careful 
test work. Very setting of experiments, method of manufacturing the 
precessional shells, developed by A. V. Pogorelov, must be considered 
as the significant contribution to the technology of experimentation 


with shells. 
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Like any approximation metnod, method of A. V. Pogorelov has the 
specific boundaries of their application/use, until now, in many 
respects unclear. These boundaries are determined by the fact that in 
the discussed method the torm@ of tae approximation of median surface 
contains only one varied parameter, because of which is satisfied 
approximately the variation equation of Lagrange or Ostrogradskiy - 
Hamilton. By force this msethod it possesses weak sensitivity to the 
character of external load. Furthermore, methcd actually considers 
only one of boundary conditioas W|,=0. its weak sensitivity to the 


method of framing. 
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For example, conclusion/derivation about the absence of 
"“cotton/knock” in the raygidly attached spherical cupola, loaded by 
concentrated force, can not contircm itself for the hinged supported 
cupola. Let us note finaliy and this fact. Although the 
approach/approximations, yiven by geometric method, in a number of 
cases prove to be completely satistactory, nevertheless very 
frequently can get up a question concerning their refinement. Here, 
in our opinion, within the framework of geometric approach available 


very difficult prospects. 


A question concerning the limits of the applicability of 
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geometric method is very iwportant. Now thus far from most 
common/general/total concepts it is possible to assume that the 
obtained here approach/approximation will be good for very fine/thin 
and not very slightly curved shells. In connection with this it would 
be very interesting to ottain tne pasic results of geometric method 
via the analysis of the common/general/total equations of the 
nonlinear theory of shelis, accompiishing in these equations these or 


other passages to the limit. 


Certain regret is necessary to express in connection with the 
fact that the author nowhere Compares his results with the results of 
earlier investigations, althouga wany of the tasks, examined by 


geometric method, were solved by other previously methods. 


At the same time A. WV. Pogoreiov*s book is written clearly and 
intelligible. It contains necessary for understanding of basic 
questions information both ot the theory of shells and from geometry. 
The book is interesting for the wide circle of the readers: the 
specialists in the region of the theory of the elasticity, engineers, 
who carry out use and calculation of shells, finally for pure/clean 


mathematicians, who are interested in application/appendices. 


The appearance of A. Ve. Pogorelov's book will unconditionally 


generate great interest of tae specialists in the analysis of the 


ee ee 
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possibilities which are open/disclosed in the theory of shells with 


the use of geometric methods. 


Work on comprehension and development of these possibilities, 
regarding the limits of tue applicability of gecmetric method no 


doubt positively will aftect tue development of stability problem. 


